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����  ABSTRACT   ���� 

 

Fractal filters have been studied before, and the effect of fractal parameters on the 

design of filter has been discussed for normal incident. In this paper, we propose a study 

for the effect of the  angle of incidence on fractal filters. We choose a Cantor bar as an 

example of fractals.  Firstly, we investigate its reflection and transmission coefficients 

when an electromagnetic wave obliquely occurs. Secondly, we draw twist plots which can 

be help design selective fractal filters. Finally, we demonstrate that the little deviation of 

the wave incident angle gives very small changes in terms of resonant frequency and 

bandwidth of fractal filters.
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:���>�  
 ��� !�'�
 �("� ��	 �� �3�H(
� )���*� �B �� ���
� �'�� ���	��
�������	
� �
�  , �-

  +�	O �-/ !%


A� ������ E��
 � , �� P� 
 N��
	 )���*� Q-/ �B .��
� �� �F�� E�(��
��
� Q-/ !%  �� , �-/ ��B  ���
 
 �
�
� �� )-��
( 2��	
�(
� 3��"
� ��� �����	�� �H���$	 �	 !	
� ����(��
� ������	
� ���"��
� !% N���
A�

. ������	
�  
  

:?"
�:@� ���	
 ���:@  
 !% R���� ��/� � S��3�
� .��
� ����  )���*� ���� ����� ����	 � ���� !% � , ������	
� ���"��
� G
B �/��

3� � N���
A� �-/ ����	 ��(� , �����
� Q-H
 R��T$ ��D ��B �� (�
����
� ����
� ��U)  .���"��
� Q-/ !%  
  

:A�
��� ���	
 B�

C  
1-  �
�����	
 C�
�	
 �6 D����8
� '��
*
 �=����'�@ �� ����� ��
� ��
� :  

 �("
� ����(1) � )���*� ���� ���� �("(oblique incidence)  ���
� 3��"
� ��	
�(2 -2  ��3
�[1] .  

  
'��	
(1)  F�6 '��� '��� #
��$
 ��
�	
 C�
�	
 
������  

  
 -0 θ0  !/ ���!/� )���*� ���� ��  ��U�B  ��- L3�
�
� _��� !% ��"	
A� ���������  �� (
A�n0.  

  ���	 �����
�θ1  ��- ��	
�( #��O$ _��� !% ��"	
A� ����� ��U�B !/� �� (
A� ���������  �� (
A�n1  ,
:�
  ��
�D L%� ����
� ����� _� 3�	�	 !/�  

n0 sin�θ0� = n1sin	�θ1)     (1)  
  
 ��-
 $	E�(�
A�� �� �F� ������ P� �� �$�1
� �A����
� #�) Transmission and Reflection 

Coefficients ( 
� 3��"
� ��	
�( 2�
�*� d2��	
� ���� �
� [2] , [1] :  
  

R��d� = −r + r	t	t′	exp	�2in1	kdcosθ1�1−r2 exp�2in1	kdcosθ1�					�2�   

  

T��d� = 	t	t′	exp	�in1	kdcosθ1�1−r2 exp�2in1	kd	cosθ1�				�3�   

L 

|R| 

θ1 

θ0 

|T| 
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� 
��% ������ �3�	 (Fresnel Coefficients) E�(�
A�� �� �f
  3 �
� ��� �$�O
� #3 
� ���

-2 ����  �� (
A�n1 3 �
� ���� -2 ����  �� (
A�n0 ���� �("� )���*� ���� �
� : ��D��
��  
rij = − n�i−n�j		n�i+n�j 								�4�   

  
tij = 2n�in�i+n�j θij			�5�   

��D N�	1	 �θij 2���� P�3�	 � ��0 P�3�	 A� h�
 P �(parallel polarization )  �B 2����
� P�3�	 A�)
 !U��
� ! �3�
T�
� P�3�	 A�TM (����
� k�	 �
 ���� !����H(
� ���
� ��(� : , P�3�	 � �B

2����(perpendicular polarization) !U��
� !����H(
� P�3�	 A� �B 2����
� P�3�	 A�)  TE  ��(� :
:�D��
� L%� (����
� k�	 � ��� 2���� !����H(
� ���
� 

  

θij = �cosθi cosθj																	⁄ for	parallel	polarization
1															for	perpendicular		polarization 																								�6�  

  
 N�	1� ��U�B���� :P�3�	 A� h�
 P � �� (
A�  

  

'�( = � '( )*+,(			⁄ -*.	/0.01121	/*10.(304(*'
'(	)*+,(					-*.		/2./2'5()610.		/*10.(304(*'																									�7�  

  
:��0���	
� G����	
  

• ���8
 �=���� �" ��
�	
 ���
  
�%&����	
 C�
�	
 �6 D:�
��� 
 �("
� ����(2)   _���	
�
� ��	
�(2 -2  ���
�D=log5/log9 .��
� d2��	
� ����� �
�  �
�*�[3],  .��

���� �� �	
�  �
/  

ρ=1/9.  

  
 '��	
(2) 	
C�
�   ���	
 �< �
�����	
D=log5/log9  P� ��	
 ���
� ��6�=%	
 F	�$
  

S=0 

S=1 
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 ��D��
� ����� ��	) ��1) �	� (7 (  P�	��
� �T
 ���1	 ������F �� E�(�
A� ������  �-/  _���	
�
 ��B ��d2��	
� ���� (Stage Of Growth S=2) [4],[5] , P�3�	 � �/ ����
� P�3�	 � �B +��	%� _�
:2����  

  
  

  
  

  
  

'��	
(3) D����8
 '���� 	
 �6 C�
�	
 
������ <�  ���	
D=0.732    '�@ ��
�� � :��
�	
θ0=0◦(a)   ,(b) θ0=5◦  ,(c) θ0=30◦ 
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 �� N��
	 ����
� �����
 R��T$ ��D ��B �� G
B '��
����	
� ��� _D�(the peaks) _
�
� ����(High 
Attenuation Bands) , 3� � �("�  ,
-( _
�
� ���� ����	
� ��� _D��� ��T		 ����
� �����
 R���( ��D �
� �(


. _
�
� ��� +��� L�� �����  

• #

��8
 ��CC3� ����� ��
� ��
�  ��6: 
 )���
A� ��331� �0(Twist plots) � R���� !/ (�� �F� �B) E�(�
A� ����� ���� ���
� !��� � � �

2��	
�(
� 3��"
� ��  �����	 GO$�������
KL R���
� h��	 ����
 � 2��	
�(
� 3��"
� ��U (lacunarity (α))  
[6],[7].  E�(�
A� ����� ���� -0 ,����
� �����
 ��D R�� ��B �� P�	��
� �T
 ���1	 �� ��331�
� Q-/ � � �	

.(�� *�) ���O$
� ����
� �
0 (+��*� ���
�) E�(�
A� �����
 ��'�
� ����
� �� ������� ������	  
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Reflection  

  
'��	
(4) ���	
 �< �
�����	
 C�
��	 #

��8
 ��CC3�D=0.732  :��
�	
 ��
�  '�@ ��θ0=0◦(a)  ,(b) θ0=15◦  ,(d) θ0=60 

◦(c) θ0=45  

 

G
B �("
� �-/ �� �
	 
  )���
A� ��331� !% �'���� ����T	 ���	 A  �	�) R��T$ ���� ����� ��B ��
10◦( .  

•  �" ��
�	
 ���
  
�%&� ����>��
 !�
�	
���� ��	
 F��	
 ����� �<	
: 
#"�� ���$	 �(�� !����	 !���	
� (selective fractal filter)  L%���
� )���
A� 331� �� � �D�3
�

[8],[9],[10] ,-0 ��	1
  G
� ���D ���� 

� h��	 ���� R���!/α=0.053   �� �F� ����� � �
 �� �� L%���
�  ,
.��  2-) )���
� �� ���
$� 2��	
�(
� 3��"
� #��O$ ��	�
���� �� (
A�n1=1.5  (��
� ���O
� !% ��U�	�� 
 2-)��� �� (
A� �n0=1(  ���	�� _�)θ0

◦=0(.  

  

 
'��	
(5) (a)  #

��8
 CC3��	 C�
�	
 
������ <� ���	
 D=0.732  '�@ ��n1=1.5,n0=1   (b) '����'��
*
 ���>	
 ��6 

α=0.053  ����� ?59��	 L/λ0. (c)  '��
*
 '����'�����	��  ����� ?59����
��	  
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���
� �
� �� �0 !	��� ���� '��
� Ω1=15.0597    يقابلھا الترددf0=58.955[GHz]   والقيمة الثانية,

Ω2=15.3266   يقابلھا الترددf0=60 [GHz] .  

  


� �� �F� ���� �
� #"�� ���$	 ��	1
��
�� �	�� ���3	 A� N$	
� !	3�
 �
� ����
� +�� P� �  

f1,f2 P� � ��R���
� ���� (Quality Factor )  G	��D�Q = 9:				∆9 = 5714.28(,  ����	 ���� +�� �	
� ��(

�����
 �� � ��(� .�� ���� 
 L�U∆f=f2�f1=60.0048�59.9943=0.0105[GHz]=10.5[MHz] .  
 �("
� ����(6) ����
 ��	O�	1� ��	��D ��B �� ��� ��
�� ������ !����	
� #"���
 �� �F� ����� ��� �
����� 

.����
�  

  
  

'��	
(6) ���	�� ]

�>� '��
*
 '�����  '���� ��	
 !�
��	 ��
�  '�@ ��  :��
�	
θ0=0◦(a)  ,(b) θ0=10◦  

  
� ��  ���	 ��� �D��
�
���
3(resonant frequency  ) )���*� ���� ����� _� !����	
� #"���
 �� �3�H(
�:  

  
  

 '��	
(7) ��� ��	
 !�
��	 ���C	
 ��
�� #
��$
 ��
� ���
  �0=6  
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3� � �("� ���	
� ����� 3� � �("� �����
� ��D R����� G
B �("
� �� '��
 �����
� �	�) 10◦ 
يكون مقدار  

    وھي نسبة مقبولة).   %1±حوالي  تردد الطنينانحراف 
  

8
:���9��	
� ��������  
 �� �3�H(
� )���*� N���
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� #"��
�

 �
����
� ����
� ��U ���� �	� ����T$ N���
A� �-/ !�� �-0 10° ����.  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  



2��(��
� !����	
� #"��
� !% )���*� ���� ����� ����	                                                                            ����  

114 

:d�

�	
   
1- JAGGARD,D;JAGGARD,L. Scattering from fractal superlattices with variable 

lacunarity . Optical Society USA,Vol54,No6 ,1998 ,pp.1626-1635. 

2- ADI, H.P; ENTEZAR, S.R. Transmission Properties of One Dimensional Fractal 

Structures. International Journal of Optics and Photonics (IJOP), Vol 6,

 No1,winter-spring ,2012,pp.21-29. 

3- KHAN.Sh.I ;ISLAM .An Exploration Of The Generalized Cantor Set 

.INTERNATIONAL JOURNAL OF SCIENTIFIC & TECHNOLOGY RESEARCH 

VOL2, ISSUE 7, JULY 2013. 

4- JAGGARD,D,L;SUN,X .Reflection from fractal multilayers .Optics Letters ,USA, 

Vol.15,No24,1990,pp.1428-1430. 

5- BERTOLOTTI,M; MASCIULLI,P ;SIBILIA,C;WIJNANDS,F; HOEKSTRA,H. 

Transmission properties of a cantor corrugated waveguide .Optical Society of 

America Vol13,No3,1996, pp.628-634. 

6- SALEH ,A; AUBERT,H. Transmission sharp peaks in the bounds of forbidden 

frequency gaps using a Lacunar fractal structure. Electronic Letters,2001. 

7- ZHUKOVSKY,S ; LAVRINENKO ,V. Spectral self-similarity in fractal one –

dimensional photonic structure. Elsevier, Photonics and Nanostructures-

Fundamentals and Applications,Vol3,2005,pp.129-133. 

8- SALEH ,A; AUBERT,H. SURRE, F.Frequency Response of Self-Similar Planar 

Waveguides. Microwave and optical technology letters, vol 37, N°3, may 2003. 

9- CHIADINI . F ; FIUMARA .V; GALLINA.I ;PINTO.I ; SCAGLIONE .A. Filtering 

properties of defect-bearing periodic and triadic cantor multilayers.Optics 

Communications,Vol 281 ,2008,pp.633 -639. 

10- SALEH ,A; AUBERT,H. Use of Variable Lacunarity multi-gap Cantor Slabs in 

Waveguides for the Design of Microwave Filters. Microwave and Optical 

Technology Letters, Vol 28, No 2,  2001, pp. 127-130. 


