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  ABSTRACT    

 

This paper presents numerical methods for the solution of linear second-order 

boundary value problems. These methods are based on C
2
-quintic splines, that is, fifth 

Hermite interpolating polynomials with three collocation points. The error analysis and 

sufficient conditions of the convergence for the presented methods when applied to BVPs 

are considered. A study shows that the proposed methods consist of order five for (c1=1/2, 

c2=3/4). Moreover, if: 
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where 10 21  cc , 

then the regions of absolute stability of the methods contain some neighborhood of 

infinity. They are also A-stable and possess unbounded regions of absolute stability. Four 

widely applied problems are solved to illustrate the order and stability of the proposed 

methods. The comparisons of the presented methods with other methods show that our 

results are more accurate.  
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ن طرائق شرائحية مجمعة من المرتبة الخامسة لحل معادلات تفاضمية خطية م
 المرتبة الثانية بشروط حدية

 

  الدكتور سميمان محمد محمود                                                                    
 
 

 (8/5/2007ل لمنشر في ب  ق   . 2002/  3/  13تاريخ الإيداع ) 
 

 الممخّص  
 

إن الخطيةة مةن المرتبةة الثانيةة. ادلات التفاضةلية فة  المعةيقدم هذا البحث طرائق عددية لحل مسائل القيم الحديةة 
Cالشةةةرائحية مةةةن الدرجةةةة الخامسةةةة فةةة  الفضةةةا   ةعلةةةث رثيةةةرات حةةةدود هرميةةةالطرائةةةق المقترحةةةة تعتمةةةد 

و تحقةةةق شةةةروط  2
 لةد لتقاربهةا رافيةة الشةروط التم تحليل الخطأ لهةذ  الطرائةق بااضةافة إلةث وضة  حيث ي. مجمعةالمسألة ف  ثلاث نقاط 

ا علةةةث مسةةةائل القةةةيم الحديةةةة. تبةةةين الدراسةةةة ةن الطرائةةةق المةةةذرورة ترةةةون متجانسةةةة مةةةن المرتبةةةة الخامسةةةة لأجةةةل تطبيقهةةة
(c1=1/2, c2=3/4) ،ترةون فة  حالةة  هةايشةير تحليةل الاسةتقرار إلةث ةن رمةا-A  وةن منةاطق الاسةتقرار المطلةق  ا  اسةتقرار

 جعة:تشغل مساحات لانهائية ف  المستوي العقدي إذا تحققت المترا
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10علما بأن  21  cc. 
التة  تةم ورانةت النتةائ   ،اختبار الطرائةق المقترحةة باسةتخدامها لحةل ةربة  مسةائل مطبقةة علةث نطةاق واسة تم  وقد

 .ةخر  م  طرائقدقيقة بالمقارنة التوصل إليها 
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1. Introduction  
Linear boundary value problems (BVPs) can be used to model several physical 

phenomena. For example, a common problem in civil engineering concerns the deflection 

of a beam of rectangular cross section subject to uniform loading, while the ends of the 

beam are supported so that they undergo no deflection. This problem is linear second-order 

two-point BVP.  

 

1.1. Importance of the Work 

The main aim of this paper is to study spline collocation methods in order to compute 

the numerical solution of linear second-order two-point BVP: 

],,[)()()()(][ 012 battgutfutfutfuL                         (1.1) 

where L is an second order differential operator, f0(t), f1(t), f2(t) and g(t) are given 

functions and u is the unknown function of t, with on of the three boundary conditions 

given below: 

The boundary conditions of the first kind are: 

u(a)= 0 , u(b)= 1                                             (1.2) 

The boundary conditions of the second kind are: 

u'(a)= 0 , u'(b)= 1                                           (1.3) 

The boundary conditions of the third kind, sometimes called Sturm's boundary 

conditions, are: 

 a0  u'(a)- a1  u(a)= 0 , b0  u'(b)+ b1  u(b)= 1 ,                           (1.4) 

where a0, b0, a1 and b1 are all positive constants. 

In (1.1) if g(t)=0, the differential equation is called homogeneous; otherwise it is 

inhomogeneous. Similarly, the boundary conditions are called homogeneous when 0 , 1  

are zero; otherwise inhomogeneous. 

The contribution is the development and analysis of spline collocation methods with 

three collocation conditions for the numerical treatment of BVPs. 

1.2 A Review of Previous Works  

The fist optimal spline collocation methods proposed to solve BVPs were based on 

cubic splines. For one-dimensional second-order BVPs and uniform partitions, Fyfe [6] 

proposed a deferred-correction cubic spline method, while [1] and [5] developed and 

analyzed an extrapolated cubic spline method. Extrapolated and deferred-correction 

quadratic spline methods, using the midpoints of the uniform partition intervals as 

collocation points, were proposed and analyzed in [8]. These optimal cubic and quadratic 

spline collocation methods were extended to two- dimensional second-order elliptic BVPs 

for rectangular domains in [9] and [4], respectively. Optimal quintic and quartic spline 

collocation methods [14,10] were developed for one-dimensional fourth-order BVPs on 

uniform partitions. Christina and Ng [3] developed the optimal quadratic spline collocation 

methods in [8] to non-uniform partitions. A class of three-point spline collocation methods 

for solving delay-differential equations is introduced by Mahmoud in [12]. 

1.3 A Plan of the Paper 

The outline of this paper is as follows. In Section 2, reducing the linear boundary 

problems BVPs (1.1)-(1.3) to system of the initial value problems (I.V.Ps.) is presented. 

Moreover, we introduce the precise description and the formulation of spline collocation 

methods when applied to BVPs. Sufficient conditions for the convergence of the methods 

when applied to BVPs are considered in Section 3. They show that the proposed methods 
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are consistent with order five for (c1=1/2, c2=3/4). The absolute stability analysis is 

devoted in Section 4. Numerical experiments indicate that the regions of absolute stability 

contain some neighborhood of infinity if  1803.0 21  cc . In these cases the methods 

are A-stable and possess unbounded regions of absolute stability. Section 5 includes 

several test problems that illustrate the theoretical results. The comparisons of our 

numerical results with other methods show that our results are more accurate. Finally, 

conclusions and recommendations are finding in Section 6.  

 

2. Description of the Spline Collocation Methods 
 

The aim of this section is to present and analyze quintic spline collocation (QSC) 

methods for finding a numerical solution of the second order two-point boundary value 

problem. 

 

2.1 Tow-Point Boundary Value Problem 

        Consider the two-point BVP (1.1)-(1.3): 

],,[,)()()( battrutqutpu                                       (2.1a) 

with either the boundary conditions: 

u(a)= 0 , u(b)= 1                                                                    (2 .1b) 

or the boundary conditions: 

u'(a)= 0 , u'(b)= 1                                                                    (2.1c) 

where we assume that f2(t)≠0, p(t)=-f1(t)/f2(t), q(t)=-f0(t)/f2(t) and r(t)=g(t)/f2(t). 

If (2.1a)-(2.1c) satisfies 

(i) p(t), q(t), and r(t) are continuous on [a, b], 

(ii) q(t)>0 on [a, b], 

then the problem has a unique solution [2]. 

First, finding the solution of the linear boundary problem (2.1a)-(2.1b) is assisted by 

the linear structure of the equation and the use of two special value problems. Suppose that 

v is the unique solution to the initial value problem (I.V.P.): 

)()()()()( trtvtqtvtpv     with v(a)= 0 and v'(a)=0.                   (2.2) 

In addition, suppose that k is the unique solution to the (I.V.P.): 

)()()()( tktqtktpk              with k(a)=0 and k'(a)=1.                   (2.3) 

Then the linear combination  

u(t)=v(t)+c k(t),                                                              (2.4) 

where c is a unknown constant to be determined from the boundary conditions. Note 

that relation (2.4) is a solution to problem )()()( trutqutpu  , as seen by the 

computation: 

u"=v"+c k"= )()()()()( trtvtqtvtp  + )()()()( tktqctktpc   

                    = )]()([)( tkctvtp  + )()]()()[( trtkctvtq   

                    = )()()()()( trtutqtutp  , 

where  u'(t)=v'(t)+c k'(t). 

The solution u in equation (2.4) takes on the boundary values (2.1b): 

u(a)=v(a)+c k(a)= 0 +0= 0 , 

u(b)=v(b)+c k(b).                                                        (2.5) 

Imposing the boundary condition u(b)= 1  in relation (2.5) produces  
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)(
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bk

bv
c





, 

and, consequently, when k(b)≠0, the unique solution to BVP (2.1a)-(2.1b) is: 

u(t)=v(t)+ 
)(

)(1

bk

bv
 k(t)                                            (2.6) 

In the other hand, the solution of BVP (2.1a) with the boundary conditions of the 

second kind (2.1c) is obtained in an above similar way; we thus suppose that v is the 

unique solution to the initial value problem (I.V.P.): 

)()()()()( trtvtqtvtpv        with   v(a)=0 and v'(a)= 0 .              (2.7) 

Also, suppose that k is the unique solution to the (I.V.P.): 

)()()()( tktqtktpk              with   k(a)=1 and k'(a)=0.                   (2.8) 

Then the linear relation:  

u(t)=v(t)+c k(t)                                                              (2.9) 

is a solution to BVP (2.1a)-(2.1c):  

                     u"= )()()()()( trtutqtutp  , 

where  u'(t)=v'(t)+c k'(t), 

            u"=v"(t)+c k"(t). 

The solution u in equation (2.9) holds the boundary values: 

u'(a)=v'(a)+c k'(a)= 0 +0= 0 , 

u'(b)=v'(b)+c k'(b).                                                     (2.10) 

Imposing the boundary condition u'(b)= 1  in relation (2.10) produces  

)(

)(1

bk

bv
c







. 

Hence, if k'(b)≠0, then the unique solution to BVP (2.1a)-(2.1b) is: 

u(t)=v(t)+ 
)(

)(1

bk

bv




 k(t).                                            (2.11) 

2.2 Formulation of the Spline Approximations 

Let bttta N  ...10  be a uniform partition of interval [a,b] with  

N/)( abh   and hiati  for i=0(1)N. Let Su  C
2
 be the quintic spline collocation 

approximation of u(t) into each subinterval Ii= ],[ 1 ii tt  such that  

])( )3()136[(         

])( )3()136[()(

)2(

,

2

2
1)1(

,

2 )0(

,

2 3

)2(

1,

2

2
1)1(

1,

2 )0(

1,

2 3

iuiuiu

iuiuiuu

SSS

SSStS







 

 ,          (2.12) 

,                               (2.13) )(),(),( 1

2)2(

1,1

)1(

1,1

)0(

1, 
 iuiuiuiuiuiu tShStShStSS 

where    1,]1,0[/)( 1 htt i . 

Differentiating (2.12) two times, we have 

])( )1521(30[        

])( )1521(30[)(

)2(

,

2)1(

,

2 )0(

,

2 2

)2(

1,

2)1(

1,

2 )0(

1,

22

2
5

2
5

iuiuiu

iuiuiuu

SSS

SSStSh
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




,            (2.14) 

 
])1810( )6036()60120[(    

])1810( )3660()60120[()(

)2(

,

2)1(

,

2)0(
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2

)2(

1,

2)1(

1,

2)0(

1,

22

iuiuiu

iuiuiuu

SSS

SSStSh









.   (2.15) 
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2.3 The QSC Methods for BVPs (2.1a)-(2.1c). 

First, for solving BVP (2.1a)-(2.1b), it is equivalent to apply the spline 

approximations (2.12)-(2.15) to two initial value problems (2.2) and (2.3) to obtain the 

systems: 

)()()()()()( 111111
j

i
j

iv
j

i
j

iv
j

i
j

iv cccccc trtStqtStptS   ,          (2.16) 

j=1(1)3, i=1(1)N, 

with initial values  

Sv(a)= 0 , S'v (a)=0, S''v (a)=q(t0) 0 +r(t0)                                             (2.16a) 

and 

 )()()()()( 11111
j

ik
j

i
j

ik
j

i
j

ik ccccc tStqtStptS   ,                        (2.17) 

j=1(1)3, i=1(1)N, 

with initial values 

 Sk(a)=0, S'k (a)=1, S''k (a)= p(t0).                                                         (2.17a) 

Hence, when Sk(b)≠0, the spline approximation to BVP (2.1a)-(2.1b) is: 

Su )( 1
j

i ct  =Sv )( 1
j

i ct  + 
)(

)(1

bS

bS

k

v
 Sk )( 1

j
i ct                                          (2.18) 

j=1(1)3, i=1(1)N. 

However, the approximate spline solution of the BVP (2.1a) with the boundary 

conditions of the second kind (2.1c) is obtained by applying the spline approximations 

(2.12)-(2.15) to the two initial value problems (2.7)-(2.8), namely: 

 

)()()()()()( 111111
j

i
j

iv
j

i
j

iv
j

i
j

iv cccccc trtStqtStptS   ,         (2.19) 

j=1(1)3, i=1(1)N, 

with initial values  

Sv(a)=0, S'v (a)= 0 , S''v (a)=p(t0) 0 +r(t0) ,                                     (2.19a) 

and 

 )()()()()( 11111
j

ik
j

i
j

ik
j

i
j

ik ccccc tStqtStptS   ,                   (2.20) 

j=1(1)3, i=1(1)N, 

with initial values 

 Sk(a)=1, S'k (a)=0, S''k (a)=q(t0).                                                     (2.20a) 

Therefore, if S'k (b)≠0, the spline approximation to BVP (2.1a)-(2.1c) is: 

Su )( 1
j

i ct  =Sv )( 1
j

i ct  + 
)(

)(1

bS

bS

k

v




 Sk )( 1

j
i ct                                              (2.21) 

j=1(1)3, i=1(1)N, 

Note that we used collocation points hctt ji
j

i c   11 , j=1,2,3, in each subinterval 

Ii= ],[ 1 ii tt  , i=1(1)N, with 0< c1< c2 < c3=1, jj cc 1 , j=1,2,3. 

 

 

3. Convergence Analysis and Error Bounds QSC Methods 
In this section, we study the order and convergence properties of QSC methods when 

applied to linear BVP (2.1a)-(2.1b) or BVP (2.1a)-(2.1c). We will assume that p(t)=q(t)=1 

in (2.1a) and that, without loss of generality.  

Applying the spline approximations (2.12)-(2.15) to BVP (2.1a)-(2.1c), we obtain:   
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)()()()( trtStStS uuu  ,                                                (3.1a) 

Su(t0)= 0 , Su(tN)= 1 ,                                                         (3.1b) 

S'u(t0)= 0 , S'u(tN)= 1 .                                                        (3.1c) 

And letting S(t), S'(t),S''(t) satisfy the collocation conditions: 

)()()()( 1111
j

i
j

iu
j

iu
j

iu cccc trtStStS   ,j=1,2,3, i=1(1)N,              (3.2) 

where, 
j

i ct 1  ],[ 1 ii tt  , and 0<c1<c2<c3=1. One easily has to determine the values 

)(),(),( 2)2(

,

)1(

,

)0(

, iuiuiuiuiuiu xShSxShSxSS   from the previous step if 1i . 

We can write system (3.2) as follows: 
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)()0(

,

2)1(

,

)2(

, iiuiuiu trhShhSS  .                                                                          (3.3b) 

Substituting )()0(

,

2)1(

,

)2(

, iiuiuiu trhShhSS  and )( 1

)0(

1,

2)1(

1,

)2(

1,   iiuiuiu trhShhSS  

into (3.3a)-(3.3b), we get the equivalent recurrence formulae: 









 

)(2)0(2)1()2(

,

,

2
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, i=1(1)N.                                     (3.4) 

where   
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







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2
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, 

T

iiiii

T

iiiu rrrrRSSS cc ),,,(,),(
2

1
1

11

)1()0(

,  .  

3.1 Matrix Analysis of QSC Methods 

Now, we present the properties of the spline collocation matrices which arise from 

applying the spline method (c1=1/2, c2=3/4) of linear system (3.5) with boundary 

conditions (3.1b) or (3.1c). We can show that the matrices A and B in the linear system 

(3.5) are non-singular because for the method (c1=1/2, c2=3/4), we have 

A=























2048

)354136896(9

2048

)1280240268312(9

64

)81296(

64

)248120(

32243

32432

hhhhhhh

hhhhhhh

, 

whence 

|A|=
32768

)33920224030401728030720(9 65432 hhhhhh 
≠0,  h[0, 2.38]. 

That is,  |A|135/16, as h0. 

Moreover, for the same method (c1=1/2, c2=3/4), we get 

B=























2048

)323601152(3

2048

)384072036283(9

64

)81296(

64

)248120(

32234

32432

hhhhhhh

hhhhhhh

, 

and hence 

|B|=
32768

)2112672033604032092160(3 65432 hhhhhh 
≠0,  h[0, 9.68]. 

It is easy to find that |B|135/16 as h0. Thus, linear system (3.4) with boundary 

conditions (3.1b) or (3.1c) exists and has a unique spline approximation solution given by: 
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







 





)(2)0(2)1()2(

,

12

1,

1

,

iiiii

iriuiu

trhShhSS

RGAhSBAS
.                                      (3.5) 

3.2 Convergence and Error Bounds of QSC Methods 
       Here, we need the following definition:  

Definition 1:[7] A method is said to consist of order p if )(||||
0

p

i
Ni

hOdmax 


, where 

di is a global discretization error at xi. 

Theorem 1 Let ],[7 baCu , then the QSC methods (2.16)-(2.17) or (2.19)-(2.20) 

are consistent of order five for (c1=1/2, c2=3/4). 

      Proof. We obtain from the system (3.5) the local discretization error: 

T

iiii

i

i

i

i

i trtrtrtrGAh
tuh

tu
BA

tuh

tu
d cc ][ )(),(),(,)(

)(

)(

)(

)(

21 111

12

1

11







 




















 , (3.6) 

where   )()()()( tutututr  . 

Using Taylor’s expansions for the functions u(t), u'(t) and u''(t) about ti-1, 
j

i ct 1 , 

j=1,2,3, and substituting in (3.6), we get: 

)()(

)0

)

)

)(

7

1

)6(

65432

654326

65432

54326

3392022430401725030720(5760

36616760198401536061440(

33920224030401725030720(5760

3602924640384046080

hOtu

hhhhhh

hhhhhhh

hhhhhh

hhhhhh

d ii 



















 









, 

where 

],[),()(
!6

)(
!

)( 1

76

1

)6(
6

1

5

0

)(

iiii

k

k
k

ttuhOtu
h

tu
k

h
tu 



  .                   (3.7) 

Therefore, from the Taylor’s expansions of rational functions about h are: 

)(
3840)

)( 7
6

65432

54326

33920224030401725030720(5760

3602924640384046080
hO

h

hhhhhh

hhhhhh





, 

)(
2880)0

) 7
6

65432

654326

3392022430401725030720(5760

36616760198401536061440(
hO

h

hhhhhh

hhhhhhh





, 

whence 

)()(
2850/

3840/
7

1

)6(

6

6

hOtu
h

h
d ii 












  . 

Thus,  )()(|)(|
2304

|||| 67

1

)6(
6

hOhOtu
h

d ii   . Since the proposed methods are 

exact for polynomials of degree 5, and noting that local discretization error is of order six, 

we deduce according to Definition 1, that the methods are thus consistent of order at least 

five. This completes the proof. 

Corollary 1. Let ],[7 baCu  be Lipschitz continuous, then the spline approximation 

)(tSu  given by (2.12)-(2.13) converges to the solution u(x) of (2.1) as 0h  for all c1, 

c2(0,1), with c1≠ c2 and  

 

2)1(0,)()(lim )()(

0



jtutSh e

j

e

j

u

j

h
, e=a,b. 
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Furthermore, the convergence order is ≥ five, i.e., we have 

1)N(1,2,1,0,|)()(| 5)()(   ikhCtShtu ki

k

u

k

i

k ,                        (3.7a) 

and 

N)1(1,|)()(| 3

3

)3(2)3(   ihCtShtu iui ,                                        (3.7b) 

whenever the initial and boundary conditions satisfy (3.7) (with i=0). 

In addition, for itt  , i=1(1)N, estimating the interpolation errors of the spline 

approximations is as followed: 

                   ],[),()(
720

)()( 1

76

1

)6(
33

, iiiiu ttthOhtututS  

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                   ],[),()(
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)21(
)()( 1
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1

)6(
22

, iiiiu ttthOhtututS  




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                   ],[),()(
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)51(
)()( 1
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1

)6(

, iiiiu ttthOhtututS  





, i=1(1)N, 

where    1,]1,0[/)( 1 htt i  and, 

)]()( )()3()()136[(         

)]()( )()3()()136[()(

22

2
12 2 3

1

22

2
1

1

2 

1

2 3

iii

iiiu

tuhtuhtu

tuhtuhtutS



 




. 

Moreover, the following global error estimate holds true: 

],[,4)1(0,)()( 5)()( batkhCtStu k

k

k

u

k   . 

 

4. Absolute Stability of the QSC Methods 
Here, we restrict our attention to the linear stability properties of the QSC methods. 

Applying the proposed methods to the test equation: 

02  UU  ,                                                           (4.1) 

where C is arbitrary, we get from (2.12)-(2-13) and (2.15) the equations 

                      ))((  ,  , 2)0(
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)2(
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,
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
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Z

          (4.2) 

And after simplifying these expressions, we get 

 

1)().(  ii SS zDzC ,                                                                                 (4.3) 

where 









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2
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2
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and 
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
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Thus, by definition, 2)( hz  belongs to the region of absolute stability 

21,Ω cc of the methods if the eigenvalues  zμand μzμμ )()( 2211  of the generalized 

eigenvalue problem  

,0 ,).().(  xxzDxzC                                                       (4.4) 

 

lie inside to the unit disc in the complex plane, i.e. if 

 

.1|||,| 21 μμ                                                                              (4.5) 

 

The coefficients of the quadratic (in  ) characteristic equation 

,0))()( (det  zDzC  are polynomials of degree 3 in Z which makes it almost 

impossible to find explicit descriptions of 
21,Ω cc  by (4.4)-(4.5) directly. Instead, we 

first consider the asymptotic behavior as z . Multiplying the characterizing equation 

by 3Z , we get 
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                        = 2

2

2
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2

1222212211
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2

2

1 )44()( ccμccccccccccμcc  . 

 

Thus, some neighborhood of z  is contained in 
21,Ω cc if the two solutions 

 μ μμμ )(,)( 2211  of the equation:   
2

2

2

1

2

1222212211

22

2

2

1 )44()( ccμccccccccccμcc  =0, 

 

hold the inequalities (4.5).  

 

We can find by using Mathematica program that  

 

2121

2
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2
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21212121212121

/])()(

4)()[(1|)||,(|max

cccccccc

ccccccccccccμμ




. 

Consequently, putting jj cc 1 , j=1,2, for 1|)||,(|max 21 μμ , we get the 

inequality 

 

0)662()35(231 2

11

2

2

2

112

2

11  cccccccc ,           (4.6) 

 

which satisfies (4.5). 

 

For various 21 and cc  the stability region 
21,Ω cc was obtained numerically by 

determining the boundary curve )(zz  according to 0))()(det(  zDzCe
i  
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(cf.[7],Ch.2). Numerical experiments indicate that for 1803.0 21  cc , the methods will 

be A-stable independent of the particular choice of the two interior collocation points (cf. 

Table 1).  

Fig.1 depicts the regions of absolute stability for 5.01 c and different 2c . Also,  

some regions of stability in the case 75.01 c  and different 2c are listed in Fig 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1: Some regions of absolute stability for 5.01 c and different 2c  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2: Some regions of absolute stability for 75.01 c and different 2c  
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Table 1: Some intervals, which determine some unbounded regions of A-stability 

                                  

0.5<c1 0.9999 12  c  |1|<1;           |2|<9.9E-15 

0.60 1c  0.96 12  c  |1|<0.9611;  |2|<1.709E-3 

0.65 1c  0.93 12  c  |1|<0.9494;  |2|<8.127E-3 

0.70 1c  0.90 12  c  |1|<0.9439;  |2|<2.402E-3 

0.75 1c  0.86 12  c  |1|<0.9541;  |2|<3.086E-3 

0.80 1c  0.81 12  c  |1|<0.9786;  |2|<3.514E-3 

0.8028 1c  0.805 12  c  |1|<0.9990;  |2|<3.635E-3 

0.803 1c  0.803 12  c  |1|<0.9980;  |2|<3.629E-3 

 

5. Numerical Results 
In this section, we present numerical results to demonstrate the convergence of the 

spline collocation methods for BVPs with uniform grids. All computations were carried 

out in double precision. We have programmed the QSC methods in Mathematica. The 

experiments below are designed to test the efficiency of the spline methods for linear 

BVPs. These problems have exact solutions. Thus, we compute their actual errors.  

 

Problem 1.  Consider the linear BVP (cf. [3]): 

                  guuu  ,  t (0, 1),  

                   u(0)=0, u(1)=1. 

The function g is chosen so that u(t)= qt , q>0, is the solution to the problem. In 

Table2, we compared the absolute error norm of QSC methods with other method. 

 

Problem 2. Solution of the second problem has a boundary layer at the left endpoint. 

The parameter η controls the sharpness of boundary layer.  

                0})1{(  ut ,  t(0, 1),  

                 u(0)=0, u(1)=1. 

The analytical solution to this problem is u(t)=
)1log(

)1log(







 t
. Fig. 3 plots u for various 

values of η. The function u with large η increases very sharply near t=0. In order to 

accurately capture this property in the approximate solution, appropriate collocation points 

of the QSC methods should be used. Fig. 4 illustrates both the approximate solution and 

the exact solution for N=32, with η=100. Table 3 shows the comparisons of absolute error 

norms of QSC methods with other method for various values of η =1, 100, 10000.  
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Problem 3. Next, we consider the boundary problem [13]:  

1)(
1

2
)(

1

2
)(

22






 tu

t
tu

t

t
tu ,  

u(0)=1.25, u(4)=-0.95,  t(0, 4), 

with the analytic solution:  

)1ln(
2

1
)1ln(

2

1
)arctan(225.24860896526.025.1)( 2222 ttttttttu  . 

Table 4 shows the comparisons of absolute errors of the QSC methods with the 

Runge Kutta method of the order four. 

Problem 4. Finally, we consider the boundary problem [11]:  

t
tu

t
tu

1
)(

2
)(

2
 , 

 η=100  

 η=10   η=1  

 η=10000   η=1000  

Fig. 3: The exact solution u of Problem 2 with different η constants. 

Fig. 4: The exact solution u of Problem 2 and the approximate 

solution computed by our method for, η=100, with  N=32. 
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 u(2)=u(3)=0, t(2, 3), 

with the analytic solution:  

)
36

519(
38

1
)( 2

t
tttu  . 

Table 5 appears the comparisons of absolute errors of the QSC methods with the 

Numerov method of order four. 

 
Table 2.  The absolute error norm for the approximate solution of Problem 1. 

N 

Quadratic splin collocation 

methods [3] 
Presented QSC Methods 

q=3, p=1.5 q=7, p=0.5 
c1=0.5, c2=0.7, 

q=3 

c1=0.25, c2=0.7, 

q=7 

16 -- -- 1.735E-18 6.8192E-09 

32 1.49-7 1.03-5 1.166E-18 2.0848E-10 

64 9.37-9 6.41-7 6.234E-19 6.4440E-12 

128 5.87-10 3.74-8 1.626E-19 2.0033E-13 

 

 
Table 3. The absolute error norm for the approximate solution of Problem 2. 

N 

Quadratic splin collocation 

methods[3] 
Presented QSC Methods 

|E(wi)| c1=0.25, c2=0.7 

 η=1 

16 2.26E-06 2.0098E-10 

32 6.01E-08 6.4137E-12 

64 2.84E-09 2.0224E-13 

128 1.64E-10 6.3698E-15 

 η=100 

16 4.19E-03 
7.6373E-06, 

c1=0.25, c2=  07700074  

32 2.36E-04 
3.3573E-06, 

c1=0.25, c2=  077027  

64 1.43E-05 
5.2456E-07, 

c1=0.25, c2=0.705611 

128 8.91E-07 
1.6313E-08, 

c1=0.25, c2=0.  70752  

 η=10000 

16  
4.1799E-05, 

c1=0.  4131158 , c2=  0796  

32 1.62E-03 
4.0435E-05, 

c1=0.41614811, c2=  0796  

64 1.14E-04 
3.6550E-05, 

c1=0.  4174018 , c2=  0795  

128 7.43E-06 
2.1389E-06 

c1=0.38706657, c2= 0.85, 

256 5.12E-07 
1.6591E-07, 

c1=0.  3925753 , c2= 0.85, 
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Table 4.  The absolute errors for the approximate solution of Problem 3. 

T 
Runge-Kutta method 

of order four [3] 

Presented QSC Methods 

c1=0.25, c2=0.7, 

 

 
Absolute 

Error, h=0.2 

Absolute 

Error, h=0.1 

Absolute Error, 

h=0.2 

Absolute Error, 

h=0.1 

0.2 4.2E-05 2.0E-06 1.57436E-08 7.00537E-11 

0.4 7.9E-05 5.0E-06 2.52923E-08 1.38371E-10 

0.6 1.10E-04 6.0E-06 3.01861E-08 1.82378E-10 

0.8 1.36E-04 8.0E-06 3.30960E-08 2.06604E-10 

1.0 1.58E-04 1.0E-05 3.53135E-08 2.22929E-10 

1.6 1.98E-04 1.0E-05 3.95995E-08 2.62724E-10 

2.0 2.03E-04 1.2E-05 3.98059E-08 2.79501E-10 

2.4 1.93E-04 1.2E-05 3.74028E-08 2.84141E-10 

2.8 1.68E-04 1.1E-05 3.22421E-08 2.75365E-10 

3.2 1.26E-04 7.0E-06 2.42706E-08 2.52789E-10 

3.6 7.10E-05 5.0E-06 1.34699E-08 2.16305E-10 

4.0 1.00E-07 1.0E-08 1.65880E-10 1.65880E-10 

 
Table 5.  The absolute errors for the approximate solution of Problem 4. 

t 

Numerov method 

of order four, h=1/4 

[11] 

Presented QSC Methods 

c1=0.24, c2=0.7, 

h=1/4 

2.25 2.5E-06 2.405279E-09 

2.50 2.4E-06 2.652336E-09 

2.75 1.6E-06 1.683887E-09 

 

6. Conclusions and Recommendations  
A collocation approach which produces a family of order five methods has been 

described for the approximate solution of second-order two point boundary value problem 

in ordinary differential equations. Four test examples have been solved to compare the 

accuracy of the methods with other methods. A look at Tables 2,3,4,5 clearly shows that 

the presented methods are better in accuracy than other methods. 

      Finally, we recommend the following:  

 Establishing the QSC methods for solving higher order linear and nonlinear 

boundary value problems in ordinary differential equations. 

 Studying the QSC methods for solving boundary value problems of delay and 

algebraic differential equations. 

 Investigating the QSC methods for numerical treatment of boundary value 

problems in partial differential equations. 

 Applying the methods for solving problems in dynamical systems. 

 Using the methods for solving problems of stiff differential equations. 

 Investigating the spline collocation methods for solving boundary value problems 

in Volterra integro-differential equations. 
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