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1 - Introduction

A subspace | of a Lie algebra L is called an ideal of L, if x T L,y T | ,together
imply[x,y] T I .

A derivation D in L is a linear mapping of L into L satisfying the following condition:
D (xy)=D(X)y+ xD(y) forevery x,y T L .denote by Der ( L )the set of derivations in L Ideal |
of L is said to be characteristic ideal of L, denote it by I< L, if | is sub vector space of L and D(I)1

L for every D T Der (L).The ideal | of Lie algebra L is said to be D-invariant, if D(1) T 1, D is
derivation of L .Define a sequence of ideal of L by

LO = @ :[L L] L@ :[L(l) L(l)] Lo = [L(i-l) L(i-l)]

Called L solvable if L™ =0 for som n

Define a sequence of ideal of Lby L° = L, L' =[L,L],* =[L, L ]........... L" =[L, L""]

L is called nilpotent if L" = 0 for some n 3 1 .[see 1].

A Lie algebra L is called a complete Lie algebra if its center C (L) is zero and its derivation are
all inner [ see 2] . Let L be finite-dimensional Lie algebra over a field of characteristic zero, then L
has Levi decomposition i.e. L= S+ R, where S is a maximal semi simple sub algebra of L and is
called the Levi sub algebra of L and R is maximal solvable ideal of L and its called the radical of L,
the ideal
lo=[L L] CR=[L,R] iscalled the nilpotent radical of L [ see 2] .

DEFINITION 1-1: The class S of S-algebra is said to be S-radical property in class Lie algebra, if
the class S satisfy the following conditions:

1)- Class S is closed homomorphic,

2)- Every algebra L contain a maximal ideal belongs to class S, denote it by S(L) ,

3)- For every algebra L, quotient algebra L * S( L ) no contain ideals difference of zero belongs to
classS.

S-radical property is called over solvable, if solvable algebra’s belongs to class S .

Il - D-INVARIANT RADICAL PROPERTY

All considered algebra in this part are Lie algebra over a field of characteristic zero

DEFINITION 2-1: S-radical property is said to be D-invariance if for every algebra L, its radical is
characteristic ideal in L.

LEMMA 2-1: If I is an ideal of algebra L , such that I > = I, then | is characteristic ideal of L .
Proof its clearly.

LEMMA 2-2: Let Sis an S-radical property, if there exists non zero S-radical of abelian algebra B,
then Siis a solvable property.

Proof: Let L be an arbitrary nonzero abelian algebra, denote by < a > the ideal which generated by a
in algebra L. Because L and B are abelian algebra’s, so every linear mapping between L and B is
homomorphism algebra, that is ideal < a > is homomorphism image nonzero algebra S-radical B.
Hence, ideal is S-radical its true for every element algebra L, then L is S-radical algebra. Further
proof is induction on grade solvability algebra.

LEMMA 2-3: If | is S-radical ideal of algebra L, such that L / I is S-radical algebra, then algebra L
is S-radical.

Proof: [see 1,3] .
THEOREM 2-1: If S-radical property is not invariance, then S is radical property over solvable.
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Proof: Let S be a radical property which is not invariance on account derivation, then there exists so
algebra L and so it derivation D, that S (L) not contain D(S(L)). By lemma 2-1 , we get (S(L))* 1 S(L)
. Because algebra S(L) is S-radical , then

B = S(L) / (S(L))* is nonzero S-algebra . Algebra B is abelian, hence since lemma 2-1 we have S-
radical property is over solvable.

LEMMA 2-3: If | is ideal of algebra L, D it derivation, then I + D( 1) is also ideal of algebra L [ see
1].

LEMMA 2-4: If | is solvable ideal of algebra L, D it derivation, then | + D( 1) is solvable ideal of
algebra L [see 1].

LEMMA 2-5: If | is ideal of algebra L, then for any derivation D of algebra L we get:
)-D(1™YY 11O

2-D(I1™) 11",

Proof: It is known [5 ], if | is ideal of algebra L, then for every natural number k>
0,1% 1% areidealsin L. So we have

D( | (n+1) )=D[ I (n O (n)] L D( W ) + D(|(n)) ™ Fpm

Proof to condition 2 is similar.

THEOREM 2-2: Let S be a radical property in class lie algebra, if D is any derivation of lie algebra
L, that D( (S(L )") T S(L)"for some n 31 then

D({S(L) IS(L).

Proof: Let D(S (L)™ 2 T S, n31 .SinceSIL)™) T S(L), then

S(L1) = S SIL™ , where Ly = L/ S(L)™ from this we have that S(L;) is solvable ideal of
algebra L, hence by lemma (2-4) S(L;) + D; (S(L1)) is solvable ideal in

Algebra L ; where D is derivation D-algebra L .

If S property is not solvable, then by theorem 2-1 we get D(S(L)) T S(L) . Assume that the S-
property is over solvable, then S(L;) + D1(S(L1)) T S(L1) hence D1(S(Ly)) T S(Ly) thus D (S(L)) T
S(L)

Corollary 2-1: If radical S(L) algebra L satisfy condition S (Ly)™ ) = S(L)™Y for some natural
number n ,then S('L) is characteristic ideal in algebra L .

Proof: According to the lemma 2-5, D(S (L)™Y ) T S(L)™ ? for any derivation D of algebra L ,
from this and from theorem 2-2 we have D(S(L)) T S(L) .

Theorem 2-3 : Let S be a S-radical property , then for every Artinian algebra L radical S(L) is
characteristic ideal in L .

Proof: If L is Artinian algebra, then there exists a natural number k such, that

SL® = sL)™D from this and according corollary 2-1 from theorem 2-1 we have D(S(L)) T S(L)
for any derivation D of algebra L .

Corollary 2-2 : Let L be an algebra ,S-radical property and D-derivation algebra L if linear space
D(S(L)) is finite dimensional ,then D(S(L)) T S(L) .

Proof: Since the linear space D(S(L)g has finite dimensional , therefore there exists a natural number
n such that D(S ()™ ) = SL)™? from lemma 2-5 and corollary 2-1 from theorem 2-2 we get
D(S(L)) T S(L).

Now, we reflect over the following question. If radical algebra L precipitate as simple component in
L the is it characteristic ideal in L ?

To this effect we consider the following situation.
Let j be a any homomorphism algebra L in algebra B , we denote by L j B the simple sum LA B to
vector spaces L,B which defined in following way :
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The multiplication operation, if a TL, bTB, then a.b = j(a).b .Clearly show that L j B with above
operation is Lie algebra over the same field .

In algebras L and B easy check, that B is ideal in algebraL j B .

Lemma 2-6: Let D be a derivation of algebra L § B such, that D(B) non contain in algebra B ,then
C(L) ,(the center of algebra L) is different of zero .

Proof: From assumption there exists an element b 1B such, that D( b)T B . Hence D( b) = b' + b*
where b'T B, b*T L, b* 2 0. Now let a be a arbitrary element of algebra L , then a.b= j(@).b T
B? ,consequently D(a.b) =D(a).b +a.d(b)T B. Because b, b' T B, that B * D(a.b) = D(a).b + a.D(b)
=D(a).b +ab'+ab* ,since D(a).b +ab' T B then ab* T B . On the other hand ab* T L hence ab* = 0
that is the Centrum C (L) of algebra L contain element b* 1 0 as desired.

Theorem 2-4 : Let S-radical algebra L j B be equal to B ,then it is characteristic ideal in algebra L
JjB.

Proof: According to the theorem 2-1 we can assume, that S-radical property is over solvable.
Suppose that for certain derivation D of algebra L j B, D(B) E B from this and according to lemma
2-6 that in algebra L there exists nonzero ideal | Centrum C( L ) algebra L . Algebra | + B is S-
radical as homomorphic image

(L J B)/ B, this is not possible because S(L J B)=B.

COROLLARY 2-3: Let S be a S-radical property of algebra L,if the radical S(L)
Algebra L distribute as simple component, then it is characteristic ideal algebra L .
Proof: From assumption there exists ideal | algebra L, suchthat L= 1+ S(L).
Let § be a zero homomorphism algebra I in S(L), then

L=1+S(L) =1j=0S(L). Now by theorem 2-4 D(S(L)) I S(L) for any derivation D algebra L.

DEFINITION 2-2: Derivation d algebra L is said to be nil-derivation, if for every element aTL
there exists as natural number n>0, such that D" (a) = 0.

It is known [4,5 ] that if L is nil-derivation algebra L invariance relative on automorphism algebra L
, D(L) T L.From this we have the following lemma.

LEMMA 2-7: If D is nil-derivation algebra L, then D (S (L)) T S (L) whereas S is S-radical
property.

Let a; ,a,, as,...,a, are elements of algebra L . Denote by (a; , a,, as ,...,an )r the multiplication n-
elements of part bricks r , whereas r part bracket of word a; ,a;, as,....an .

LEMMA 2- 8: Let a; ,a,, as,...,a, are elements of ideal | of algebra L, then for every derivation D
algebra L we have

(D(a,),D(a,),....,D(a,)), T1+1/nD"(a,,a,,..a,),

Proof: From inequality which we can fined in [6 ] we have

D" (2, 2,.2,) = (3 Nio ) (3 o™ @) D™ (2y)), ()
Where the sum overall a;, &2, .., @, suchthat O£ a£n,0£ a; £ n-a;-..-an.1 .

a,= n-a;-.-an1,lE£1£n-1,D%)=a,asa+.+a,+ a and all exponent & are non negative ,
then ay=a,=..=a,=1or a =0forsomel. If exponent &, =0, then element
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(D*(@,),....D*(@,)), T1.

Because &, T 1 and D (a; ) = &, so one expression which all exponent a, are non equal to zero ,
therefore (D (ay), .., D(an) )r is manoeuvrig factor is equal to n! hence from (*) we have D"( ay,
ey an )r:n! (D(al) y ey D(an) )r.

Let us recall that an element x of Lie algebra L over a field K is called algebraic if there exists a
polynomial f (t) T K[t] depending on x such that f(adx) = 0 [see 7].

DEFINITION 2-3: Derivation D algebra L is called algebraic derivation bounded index, if there
exists a natural number n > 1, such that for every element aTL, D"(a)T< a,D(a),....D"*(a)> , where
< a,D(a),..,.D"*(a)> is sub algebra generated by elements a ,D(a),....D"*(a)

THEOREM 2-5: Let S be a radical property, D derivation algebraic bounded index of algebra L,
then D(SL)) T S(L) .

Proof: By virtue of theorem 2.1, we can assume, that S-radical property is over solvable, from
definition of D there is a natural number n, such that

D"(@)Tpa,D@),...D"(@)f for some element aTllL

Let &3 ,a,..,a, are any elements from radical S(L) and let a = ((..(a1 a2 )az )..)an ) , by virtue of
lemma 2.5 we:

D'@)TD'(S(L)") T S(A", i=12,.,n-1

So element D™ (a ) belongs to radical S(L) algebra L . By virtue of lemma 2.3 S(L) + D (S(L)) is
ideal of algebra L, hence S(L) + D (S(L)) / S(L) is solvable ideal of algebra L/S(L) this is , in the
presence of over solvable radical S, that

S(L) +D(S(L)) T S(L) ,from this we have D(S(L)) T S(L) .

111I-NORMAL RADICAL PROPERTY

Let L be a Lie algebra over a field K and let B always ,associative, commutative with unit element
1 (over also K ') as known in [8] that LéB is Lie algebra and algebra L may be imbedding in

algebra LAk B.
LEMMA 3-1: If D is derivation of algebra B ,then the mapping
id Ad: L,;(A'\B® L,E\B

Defined at below:

(d Ad)(Ba, Ap) = Ha Ad(p)

i=1
is derivation of algebra LAy B .If however D is nil-derivation ,then derivation idAk d is also nil-
derivation .
Proof : see N. JACOBSON . Lie algebra .Intersciance New York 1962 page 158 .

DEFINITION 3-1 : We say that S-radical property is B-normal if for every algebra L , S (LAx B)
= | Ak B, where | is reliable ideal of algebra A .[see 5]
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THEOREM 3-1 : S-radical property is B-normal iff for every algebra L, from condition S (LAk B)
1 0 result consequence S(LAxB)C A=0.

Now , we show following lemma .

LEMMA 3-2 : If for every algebra L there exists nil-derivations d;,d,,...d, algebra B such that from
condition S (LA B) C L * 0 consequence

(id Ad,)(id Ad,)..(id Ad,)S(LAB)C L0

then S-radical property is B-normal .

Proof: Suppose that S (LAk B) 2 0 then there is element 02 a T S (LAk B) such that dy,dy,...d,
are nil-derivation ,hence from lemma 2-7 and lemma 3-1 we have for i=1,2,3.. (idAd,)( S (LAk B))
T S(LA«B), therefore

0% (id Ady)(id Ad,)..(id Ad,)(a) TS(AAB) C A

Thus we have complete the proof .

THEOREM 3-2: Let L be a finite dimension algebra , then for every S-radical property , B-normal
radical S (LAk B) is invariance respect to derivation algebra LAk B .

Proof: S-radical property is B-normal ,then S (LA B ) = 1Ak B, because algebra L has finite
dimension there exist a natural number n>0 that 1™ =1™ | therefore we get (S (LAk B ))™Y =
1D A, B™Y = (1A B)™ = (S(LAK B))™ Now according to corollarylfrom theorem 2-2 we have
demonstration fact .

COROLLARY 3-1: Let L be a finite dimension algebra , then for every S-radical property , ideal
S(L[X1,%2,..,%,] ) is characteristic ideal in L [X1,X2,..,Xa,...Xn] Where L [X1,X2,..,Xa,...Xn] 1S polynomial
algebra with infinite quantity variable, x;,X2,..,X,,

Proof : It is known that algebra L [X;,X2,..,Xa,...] is isomorphic with algebra LAk K [X1,X2,...Xa,...%],
we show that every K [Xi,Xo,...Xa,...Xn] radical property is normal . Suppose that S( LAk K
[X1,%2,.., Xa,-.-Xn] ) 1 0, then there IS nonzero polynomial

WX, %, X ) T S(AA KX X, 10 X, 1)

It is known that derivation da (W)( W / X5 ) for every valued a is nil-derivation algebra L
[X1,X2,.., Xa,...Xa] . NOwW , we take right derivation id A d, we get

0 (id Ad, )..(id Adaik (X, o X e xan)TS(AA KX, Xy ey Xy 0 ) G L
Applying lemma 3.2 we have that S radical property is K [X,X,..,Xa,...Xa] normal hence from
theorem 3-2 S (L [Xg,X2,..,Xa,...Xn] ) IS Characteristic ideal in algebra L [X1,X,..,Xa,---Xn] -

Now we investigate problem invariable radicals LAk B, where B is a algebra group K[G] over a field
K, G is abelian group .We define following symbol . Let x=aj g; +a; 02 + ...+ a, go 1 LAK[G],
where aj,a,,..an A, 01,02 ...00 1 G ,denote by Supp x the set of element g; such thata; 2 0 .

If Suppx={01, 92, ..., gnp,then the number n = I(x) is said to be length element x
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LEMMA 3-3: Let S be a radical property, L algebra, G-group, if radical S(L[G]) algebra L[G]
contain element x with length n , then S(L) contain element y which also length n and e T Supp vy,
where e is unit element of group G .

Proof: Take arbitrary element z T S (L [G]), g any element group G. Because group G is abelian
then its elements we can effective with operator of algebra

L [G] , therefore from [5,3] we get z g TS(L[G]) .

Now, let element x T (L [G]), 1 (X) = nand let g T Supp X because I(x) = I(x/g) , eTSupp(x/g) and
x/g T S(L[G]) then be enough take y =x/g

DEFINITION 2-3: Let K is a field. Group G is said to be K-complete if for every elementg T G, g
1 e, there is a homomorphism f group G in multiplication field K* such that f(g) = 1, 1 is unit
element of field K.

LEMMA 3-4 : Let G be a complete group , then for every S radical property and every K-algebra L,
if S(L[G] ) 20, then S(L[G] ) CA10.

Proof: Let a = & a; gi be a nonzero element from radical S ( L[G] ) with minimal length . By
lemma 3-3 we can assume that el Supp a. Assumption, that g; = e we show that I(a) =1 .
Assumption g, e because group G is K-complete, there exists a homomorphism f: G ®K* such
that I(g2) 1 1.

We can defined mapping f: G ® L[G] at follows [see 6].

f(ébigi):ébif(gi)gi b TLg TG

fis K-automorphism algebra L[G] ,f(g2) * 1, f(g1) = 1. Hence

0* Ala, -2, 1(9)g, =a- f(a) TS(LE))

This is not possible, since I(a - f (a))< nwe havel (a)=1and S(L[G]) CL10.

COROLLARY 3-3: If group G is K-complete, algebra L has finite dimension, then for every S-
radical property the radical S (L [G] ) is characteristic ideal in algebra L [G] .

Proof: The proof is result from corollary 3-1 and theorem 3.2.
Now we give some example for S-radical property which is not invariable property.

P. M. Gohn [5], gave example Lie algebra in which equation a x = b has solution for everya 10,
al Land foreveryb T L.

We consider algebra
¥

RIKI={Qax aTL
i=1

It is known that algebra of above formal series R[X] with coefficient from Lie algebra and set |
formula series from Sax ,a; T L isideal in R[[X]] .
We fined all image homomorphic of algebra | .

LetO*a T Land let b be any element from ideal I, then
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a=a,x"+a,, X"+ +ax" +., a, ro0

b =b,x+b,x*+b,x® +..
ab=c=c,, X"+, X"+ Hc,, X"+
Ch.1 = a,b,

Cn+2 :a‘nb2+a‘n+1b1

Cn+k = anbk + an+lbk—l Tt a‘n+k—lb1

Because in algebra L , inequality ax = b has solution fora 2 0,a T L and for everyb T L, choose
satisfactory accordingly coefficient by ,b,, .., b, ,.. . We can get any value Cn+1, Ch+2 ,.. , Cnsk,.. from
this result that 1"** T < a >;

< a > is an ideal generated by element a from algebra L .

Now , let I /'Y be any homomorphic image of algebra |, let J* 0 then there exists

01a TJTI from this result there exists a natural number m> 0 such that

I™ T <a> T J.We showed that every proper homomorphic image of algebra | is nilpotent .

Let S be a minimum S-radical property ,such that algebra I and all its homomorphic image belongs
to class S, (by [8] this radical property exists ) , we show that S( R[xX]) = | . Clearly S(I) = | and
quotient algebra R[[X]] / I is isomorphic to algebra L .

Algebra L non contain maneuverability ideals and is not nilpotent algebra , also algebras L and | are
not isomorphic because L?= L but 122 to mean that algebra L no contain nonzero S-ideals, hence

SRI[xID=1.
Now leta = ag + a; X' + a2 X +..+a X" be an element of algebra R[[ x]] . Mapping D (ao + a1 X

+..+aX")=ar+ 2a,x+ ..+ na, X" isaderivation of algebra R[[X]] Leta % 0 be an element

of algebra L, because
S(R[[ x]]) = I then ax T | , but for derivation D we have
D@x)=a T1=SR[[X]).
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O ABSTRACT 0O

The intensity of the photoelectron peaks depends on a number of factors including the
photoelectric cross-section,the electron escape depth, the spectrometer transmission, surface
roughness or inhomogeneties.

Therefore, this work aims at calculating the photoelectric cross-section for different subshells of
phosphorus —compounds.

By determining cross-section we could estimate the probability per incident photon for creating a
photoelectron in a subshell.
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