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O ABSTRACT 0O

In this paper we shall introduce a new concept of monotone sepration axioms which we shall
call it monotone T1 space. We shall prove that the class of monotone T1 spaces is greater
(bigger) than the class of monotone normal spaces. We obtained some results concerning the
properties of this concept, in fact we proved that monotonically T1  is hereditary productive
and topological property also we will prove that every monotone T1 space is T3 .this
paper included open problems.
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1. Introduction. One of the most important concepts in the study of generalized
metric spaces is monotone normality. C. R. Borges introduced the concept of
monotone normality in 1966 as an unnamed property of all stratifiable spaces in his
paper (Borges, 1966). In 1970, P. Zenor gave the property its name while announcing
(Zenor, 1970) several theorems that hold in such spaces. Of special note were analogs,
for monotenically normal spaces, of Katetov’s metrization theorem for compacta with
hereditanily normal cubes (Katetov, 1948) and of Dugundgi’s extension theorem for
metric spaces (Dugundgi, 1951), In 1973, the various announced results of Zenor and
of Heath and Lutzer comprised the first major paper (Heath, Lutzer, and Zenor, 1973)
on monctone normality. That paper is a fairly thorough investigation into the position
of monotone normality in the class of generalized metric spaces. In the same year,
Borges gave some additional characterizations of monotone normality (Borges, 1973).
In 1996, R. C. Buck introduced the concept of monotone T; - spaces (Buck, 1996).

In this paper we shall introduce a concept weaker than monotone T, which we

shall call it monotone T, and we shall give some results concerning this concept.

The relative topology (subspace topology) on the set A inherited by t will be
denoted by ta 'R denote the set of all real numbers. The t-closure of the subset A of
the topological space (X,1) is denoted by cl(A), and the closure of the subset M of the
subspace topology space (A, 1) is denoted by cly(M). Let Ty, T..r denote the discrete

and the cofinite topologies on a set X, respectively.

Definition 1. 1 (Buck, 1996). A T, space X is called monaotonically normal if there is
a function G which assigns to each ordered pair (H, K) of disjoint closed subsets of X
an open set G(H, K) such that:
) He G (H, K) < cl(G(H, K) c X\ K
i) if (H', K') is a pair of disjoint closed sets suchthat HC H" and K 2 K’ | then
G(H, K) = G(H" , K").

The function G is called a monotone normality operator for X.



Definition 1. 2 (Buck, 1996). A topological space X is called monotonically 17 if
there is a function g : X x X — 1y assingning to each ordered pair (x, y) of distinct
points in X an open neighborhood, g(x, y), of x such that:

i) gl y) gy x)=¢;

i) if x £ cl{ w {gly, x) | y € M}), then x = cl(M).

The function g is called a monotone T operator for X,

[t is easy to see that every monotone normal space is monotone T,

If we return to condition (i) in Definition 1. 2 and weaken it in the following
way : “for every two distinct points x, and y of X, then x € g(x, v), y € g(v, x), v €
g(x, y) and x & g(y, Xx)”. We obtain a new definition which we call it monotone T;.

Definition 1. 3. A topological space X is called monotonically T} if there is a function
g . X x X —» tx assigning to each ordered pair (x, v) of distinct points in X an open
neighborhood, g(x, v), of x such that:
1) for every two distinct pointsx, andyof X, thenx e g(x, v, ve glyv. X)L v ¢
g(xy) and x & g(y, x);
i) if x € cl{w {g(v. x) | ¥ eM}), then x & cl(M).
We shall call the function g is a monofone T operator for X.

Now, we shall give two examples, the first one isa monotone T,, and the

second 15 not monotone T;.

Example 1. 4. Consider the space (R, Ts). It is easy to see that, this space is monotone T,.
In fact, define the monotone T; operator g : M = N — 14;; as follows:

g(x, y) = {x}, for every pair of distinct points x, y of R.

Example 1. 5. Consider the space (R, T..). If (R, T.y) is monotone T,, then there exists a
monotone T, operator g : R x R — 1¢ Let x = y in R, s0 g{x y) 15 an open
neighborhood of x in (N, 1) with y & g(x, v). Thus, we may assume that g(x, y) = R\ {y,



X1, ..., Xa} for some finitely many points xy, ..., x, different from x. Hence, H = cl(R \ {y,

""ll'u 4 lI!'G-zl.'l}:' = B}{g{xs ::"r::l)'
Take the subset M = {0}, so, 1 € M= cl(g(0,1)),but 1 ¢ {0} = cl({0})=
cliM). Hence, there is no such monotone T; operator g Therefore, (*H, 1) 15 not

monotone T,

2. Some Results Concerning Monotone T; - Spaces. In this section we shall
give the main properties of monotone T, - spaces. In fact, we shall prove that

monotonically T, is hereditary, topological property and productive. Moreover we shall
prove that every monotone T, - space is regular which is strengthen the result of Buck
(Buck, 1996), every monotone T; - space is regular. Let us start with the following obvious
results.

Theorem 2. 1. Every monotone normal space is monotone T;. [

Theorem 2. 2. Every monotone T - space is monotone T;. [

Because of previous theorem we have the following open problem

Question 2. 3. Is every monotone T, - space a monotone 15 7

Theorem 2. 4 (Buck, 1996). If a topological space X is a regular, first countable, T,

- space, then X is monotonicaily 1-.

Corollary 2. 5. If a topological space X is a vegular, first countable, T; - space, then

X iy monctonically T;. [0
In the next result we shall prove that monotonically T, is hereditary.
Theorem 2. 6, Monotonically T, is hereditary.

Proof. Assume that X is monotonically T;, and A is a subset of X. Since Xis

monotonically Ty, there exists a monotonically T, operator g X x X —» 1x satisfying



conditions (i), and (ii) of Definition 1. 3. Define the function h : A x A —» 14 in the
natural way as follows:

h(a, b) = g(a, b) ~ A,
for every pair (a, b) of distinct points of A. Since g(a, b)1s openin X, so g(a, b) m A s
open in the subspace topology (A, Ta). Hence, his well defined for every (a, b) e A x A
with a# b.

Let (a, b) be a pair of distinct points in A, so (a, b) is a pair of distinct points in
X, Since g is a monotone T; operator, so g(a, b) is an open neighborhood of X
containing the point a and does not contain the point b, also g(b, a) is an open
neighborhood of X containing the point b and does not contain the point a. Thus,
h(a,b) =g(a, b) m A is an open neighborhood of A containing the point a and does not
contain the point b, and h(b, a) = g(b, a) m A 1s an open neighborhood of A
containing the point b and does not contain the point a. Hence, condition (i) of
Definition 1. 3 follows.

Now, assume that M is a subset of A and x is an element of A. but x is not an
element of cla(M). Then we have cloy(M) =H m A, where H is closed in X, so x is not
an element of the closed set H. Thus, we have
x & clx(v {g(y. ) | y € H}) 2 clx(w{h(y, X) | y € M}) = cla(U{h(y, x) | y € M}).

Therefc:rré, A is a monotonically T - subspace. [

Theorem 2. 7. Monotone T; is a topological property.

Proof. Let X and Y be homeomorphic topological spaces by the homeomorphism h :
X — Y. Without loss of generality, assume that X is a monotone T; space. So, there
exists a monotone T, operator g | X x X — 1,. Define the functionk : Y x Y — 1y

which makes the following diagram commutative
h=h

L

Hx X TxY

%

alald
L =h

L 4
i

Tx



that is, k(y,, v2) = flg(h™(v1), h''(y2))) for each ordered pair (y,, v2) of distinct points in
Y, where {: Tx—» Ty is the function defined by f{U) = h(U) for each open set U in X

Let v, y2 be two distinct points in Y. Since h s bijective, so h™(y,) and h'(yz) are
distinct points in X, and since X is monotone Ty, so g(h(v), h'(y2)) is an open
neighborhood of h'(v;) in X and does not contain h™(y,), also, g(h™(vs), h'(v:)) is an open
neighborhood of h'(y) in X and does not contain h'(y;). Thus, y1 € k(ys, y2), because;

yi =hh"(y) € hg(h™(y:), h(y2) = Fg(h™ (), B(y2) =k, ya),

similarly, y2 € k(yz, y1), also, y1  k(ya, y1), because;
yi = bh(y;) & hig(h(y2), b ())) = Fgth™(y2), B (y1) = k(ys, y1), similarly, y2 2 kiy,,

¥2).
So part (i) of definition 1. 3 follows.

Let M be any subset of Y, and y is a point in clv(w{k(z, y) | z € M}). So,
h'(M) is a subset of X and

h'(y) € h'(elv( v {k(z. y) | z € M}))
clk(h™( W {k(z, y) | z € M})) since his a homeomorphism
clx(u {h'(kiz, )} | z € M}))
elx(w (b Re(@), b ) | z & M})
clx(u {h'(he®' @), b @) | z e M)
elx(v {g’'@), 1" ) | z e MY,
since g is monotone T, operator, so h'(v) € cly(h™(M)), but h™(cly(M)) = clx(h™'(M))
and so y = h(h(y)) = Wb {cly(M))) = cly(M).

Therefore, Y i1s Monotone T, space. [

Il

To study productivity of monotone T; we need the following definition.

Definition 2. 8 (Buck, 1996). Suppose {X.| ot € A} is a family of topological spaces.
A set of the form Il,., Gy is called an open box if G, is openin X, for each o
belonging to A. The box fapology on I, , X, is the topology generated by the base of
all open boxes. We designate the space I,y X, with the box topology by [l Xa



Theorem 2. 9. If the product Topology on [1,eq X is monotone T - space, then X, is
monotone 1, - space for each a € A.

Proof. For each o & A, pick the point p, in X, It is easy to show that Xp is
homeomorphic to Xp * Ilcnpiipa}. Since Ilg-p X, is monotone T, - space, by

Theorem 2,7, Xp is a monotone T, space foreachfpe A, [
It is easy to prove the following result.

Corollary 2. 10. If the box topology on Uacp X, is monotone T - space, then X, is

monotone T; for each a e A. [

Theorem 2. 11. IfX, is a topological space which is monotonically T, for each a
A, then Uaa X, is monotonically T;.
Proof. For aeA, let g, be a monotone T, operator on X, and let X =IT,., X, Let p
and x be distinet points in X, Define the monotone T, operator on X as follows:
g(p. x) = Uasn Us, where U, =X, if p, = x..; and Uy = 2. Po, Xo) if po # X

If p and x are distinct |5r.:rims in X then there exists } € A such that p = x, so
2p(pp,¥%p) 15 an open neighborhood in X containing the point pp and does not contain
the point pp, also gp(Xp.pp) 1s an open neighborhood in X containing the point x; and
does not contain the point pp. So, g(p, x) containing p and does not contain x, and g(x.p)
contaning x and does not contain p. Thus part (i) of the Definition 1.3, is satisfied.

Now, suppose that M — X and p ¢ cl(M). Then, there exists a basic open set U
= [lgea Uy in X with p € U such that U~ M =&, Let

V= Daea U\ [l (U { ol %a P | € Xa\ UL D) 1
Since pg € Uy, 50 pe & Xa '\ Uy =cl(X, \ Uy ) and since X, is monotone Ty, so
Pa € ol (U { (%o, Pa) | Xu € Xa\Ua }).

Thus, p € V < U, with V open in X. Suppose that, there exists an element z € V
(v {elx, p) | xeM t}. Thenz € g(y, p) for some y € M, 50 zo & galVa, po) for all
e A. However, z € V, 50 Z; € U { 8aXa, Po) | Xa € X\ Uy D forall a € A,
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Therefore, foralla e A, yo € X\ U, Thus, foralla e A, wehavey, € Uzand y
e U, contradiction. Hence, z ¢ v { g(x, p) | xeM}and V[ {g(x p) | x e M}]=
.

Since p & cl[ U { g(x, p) | x € M}], so condition (ii) of Definition 1. 3 is

satisfied. Thus, g 1s a monotone T, operator, Therefore X 1s monotone Ty, [

Corollary 2. 12. U....X. is monotonically T iff X.. is monotonically T, for each a
e A [

Let us close this paper by the following result..

Theorem 2. 13. Livery monotone 1 - space is a 1’ - space.
Proof. Let X be a monotone T, - space. So, there exists a monotone T, operator g : X
xX—>T

Let M be a closed subset of X and x be a point notin M. Thus x & cl ( v {g(y, x) |
y € M}), by (i) of Definition 3. 1. Thus, X\cl(w {g(y, x) | y € M}) is an open set
containing x, and since y € g(y, x) forally e M, seMc u {g(y, x) | y € M}

Hence, the sets U = U {g(y,x) | ye M}and V=X\cl (U {g(y, %) | y € M})
are disjoint open sets in X containing M and x respectively.

Thus, X is regular. Since X is T, therefore X is a Ts - space. [

Since every monotone T - space is a Ts- space, so one may ask the following

question.

Question 2. 14. Is every monotone T; - space is a Ty - space?
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