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O ABSTRACT 0O

Let G be a multiplicative group with identity e and R be
an associative G-graded ring with unity 1. Let R_ be the
identity component of R and R -gr be the category of all
graded Re-medules and their graded R_-maps. In this paper we
study the augmented G-graded modules and give some of their
properties. We define R-Agr (the category of all augmented
G-graded R-modules and their augmented G-graded R-maps), and
show there is a functor ( je from R-Agr to R_-gr and a
functer (=) from Re—gr to R-Agr. Moreover, ( )_f-) i=s

equivalent to 1, _gqp and the two functors are equivalent for
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0. Introduction.

Let G be a multiplicative group with identity e and R be
an associative G-graded ring with unity 1. Let R, be the
identity component of R. In [5] we studied the G-graded rings
for which the identity -compcnent R is itself a G-graded
subring satisfying some related conditions with the
graduation of G. We called these rings augmented G-graded
rings.

In this paper we study the augmented G-graded modules
and give some of their properties. It is well known that if R
is a strongly G-graded ring then there is an eguivalence from
R-gr (the category of all G-graded R-modules and their graded

R-maps) to R_-mod (the category of all Rp—modules and their

Re—maps]. In this paper we define a new category R-Agr and
show that there is a functor ( }E from R-Agr to R, -gr and a
functor (=) from Re—gr to R-Agr. Moreover, ( )e(-] is

equivalent to 1 Also, we show that if supp(R,G) =

R -gr

{qeG:Rq#ﬂ} = @ then (-) ( }e is equivalent to 1 a G P

R-Agr’

the two functors are equivalent.
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1. Preliminaries.

Tn this section we give some basic definitions and facts

which will be used later on.

Definition 1.1. Let C be a group with identity e. Then a ring

R is G-graded if there exist additive subgroups Rg of R such

that R = @ R_ and R, R, S R, for all g, h € G. We denote
geG g 9

for this graduation by (R,G) and R, will be the identity
component of R.
We say (R,G) is strongly graded ring if Rg R, = Rgh for

all g, h € G. We consider supp(R,G) = {g e G: Rg # ﬂ}.

Definition 1.2. Let R be a G-graded ring and M is a (left)

R-module. Then M is a (left) graded R-module if there exist

additive subgroups M_ of M such that M = & M_and R M_ s M
g geG i oT

for all ¢, T € G. A map f: M —— M is a graded R-map if f is

R-linear and f[Hg} < Hg for all g € G.



We consider R-gr to be the category of all left graded
R-modules and their graded R-maps and Re-mnd to be the
category of all Ra-modules and their R -maps. It is well
known that R-gr is a Grothendieck category [3]. The
connection between the category R-gr and Re-mod is given by

the following:

Theorem 1.3 (Theorem 2.8 of [1]). Let R = @ Rg be a strongly
oeG

graded ring. Then the functor

Re . : Re—mod ——» R-=gr given by
R
e
M — Re M, where M « Re-mud and Re M is a graded
R R
e e

R-module by the grading [Ra M] =R & M, is an equivalence. Its
E o R

e
inverse is the functor
(.}E: R-gr —— Re-mmd given by
M — He where M € R—~gr and M = @ Hg

Telz

Theorem 1.4 (Proposition 1.2 of [4]). Let R be a G-graded

ring. Then R is strongly graded ring iff every M ¢ R-gr is

strongly graded module.

Definition 1.5 ([5]). A ring R is said to be an augmented

G-graded ring if it satisfies the following conditions:

(1) R= e R_ is a G-graded ring.
geG



(2) If R, is the identity component of the graduation given

in (1) then RE = @ Re—g where Re—q is an additive
geG
subgroup of Re and Re—g Re_h L= RE"gh for all g, h € G.

(Re is a G-graded ring).

(3) For each g € G, there exists r_ € Rg such that

R = &R T wWwe assume r_ = 1.
g heG e-h “g" -
(4) If g, h € G and rg, r, are both non-zero, then
g_rh = rgh and {xrgl [yrh] = Xy rgh for all x, y € Re'

Lemma 1.6 (Proposition 2.6 of [5]). Let (R,G) be augmented

G-graded ring and supp(R,G) = G. Then R 1is a strongly

G-graded ring.

2. Augmented graded modules.

In this section we define the augmented G-graded
modules. Then we give some examples and properties of these

modules.

Definition 2.1. Let R be an augmented G-graded ring. An

R-module M is said to be an augmented G-graded R-module if it
satisfies the following conditions:

1. M= @ M_ where M_ is an R_-submodule of M such that
geG g g (=

Rg Mh = th for all g, he G (i.e., M € R-gr).

2. M=

g h:GHg_h where Hg-h 1s an R,__-submodule of Hq and

R Hg—h < Hg-ah for all ¢, g, he G (i.e., Hg £ Re-gr}.



3. M EM

Rg—h o go-ht for all g; h, o; T € G.

Let M, N be augmented G-graded R-modules. An R-map
f: M — N is said to be an augmented G-graded R-map if
f(Hg_h] c “q-h for all g, h € G. We consider R-Agr to be the
category of all augmented G-graded R-modules and their

augmented G-graded R-maps.

Remarks 2.2. (1) If R 1is an augmented G-graded ring,

supp(R,G)=G and MeR-Agr then Hg-h = rgﬂe—h for g2l1l g, h e G.

Clearly rq”e-h < Rg—e M.y & Hg—h' Let X e Mg—h' By
Lemma 1.6, (R,G) is strongly graded ring and hence by

Theorem 1.4, M is strongly graded module. Therefore, Mg-h =

Hg = rg“e and hence x = T for some m « M_ = hZGHe'h' Assume
n
m = z Mg_p, .- then x = rqm = rngrhl @ ... B TaMamh Since
£ n
=1
Hg - hzsﬂg_h, n =1 and hl = h, l1.e., Hﬁwh £ rg Moy -
2) If M € R-Agr then M € R_-gr with M = a M
e g e™d (9) ~ geg O3
1. M e R -mod (with the same product of R on M).
2. H{g} € R _go~mod because Roia HU“g = Hﬁ—g for all
c e G,
3. R M = < =
e-oc M(g) H{ng because Re—o Mt_g Hr—vg H[Jgj

for all T e &G.

4. Clearly M = =@

-
gec (9)



Definition 2.3. Let M be an augmented G-graded R-module, and

X be an R-submodule of M. then X is said to be an augmented
G-graded R-submodule of M if it satisfies the following
conditions:

1. X= eX_ where X_ =X M ,6 i.e., X is a G-graded
geG g g

R=submodule of M.

2. X = o X where Kg_ﬁ

= X M
g Tel g-o gﬂ

g-c”

Remarks 2.4. Let M € R-Agr and X be an augmented G-graded

R-submodule of M. Then

1. X is Re—suhmodule of X.

g
Since RExg € X and ReHg € M, we have Rexg cXn Hg - xg.
2+ Ry o¥gor € Xgoge
Since Re_axg_r € X, and Re_axg_t € R, Mo S m—
have Re—axg—r = xg n Mg—ﬂt = thﬂt
o Ra-txg—h : xag-rh
Since Rcr—txg—h < Rnrxg = ng and R-:r-'cxg—h < R-:r-"ch-h =
Hﬁg—th we have Rw-txg—h < xﬁg N Hﬂg-rh = xﬂg—th'
4. Ro‘xg L= xa‘g
Since Rgxg € X and Ruxg L= ng we have vag € X Hag -
xwg'

Proposition 2.5. Let M ¢ R-Agr and X be a G-graded

Re-submodule of Hg. Then RX is an augmented G-graded

R-submodule of M.



Proof: (1) RX is an R-submodule of M.

(2) Since (RX)_, = RXNM_=R _., Xwe have RX = e (RX)_ .
a 4 og 1 e =

= a8 R X we have

(3) Since (RX) __ = (RX) = -
% ¢ heG o lg-h h 1t

M
n o-T

(RX), = e (RX)

TG =2

Now we give two essential examples of augmented graded
modules. The idea of those examples is similar to the

examnples of augmented graded rings given in [5].

Example 2.6. Let R be a G-graded ring and M € R-gr. Let R[G]

be the group ring of R over G. Then clearly R[G] is an
augmented G-graded ring with:

R .e and r = 1l.gq for all e G. Let
gy g 4 o
M[G] = e M.g. For r.o € R[G] and m.T € M[G], define

gei

(re)(mt) = rmor. Then M[G] € R[G]-Agr with H[G]g = M.g and

R[Gl, = R.g, R[G],_

H[G]g-u = Ha.g.
1. Since H{G]g is R[G]e-submndule of M[G] and R[G]g M[G], =
R.g M.o € M.go = M[G]__ we have M[G] = & M[G]..
go geG g

E_e-suhmudule of H[G]g and

M[G]g-h = Rg.e Hh.g c th‘g = H[G]g-ah we have

2. S8ince H[G]g_h 1= R

R[G]E‘H

M[G] = e M[G]_ ., i.e., M[G]_ is a G-graded R_-module.
g heG g-h g e

3. RIGl , M[G],_ = R,.g M .0 €M go= M[Gl s py for all

g, h, ¢, T e G,



Example 2.7. Let R be a G-graded ring and M € R-gr. Let R[G]

be the left free R-module with basis G. For the elements A T

L ¥
A, T where ia e Ra and A , € R, define (hat] [1 i - ] =
" T o o

o
[RFR ,]a T J‘t’. With this product R[G] is an associative
o

ring with unity l.e, (see [2]). One can easily show R[G] is

an augmented G-graded ring with:

R[G], = « R _.o , R[G],_.=R_ g and r_= 1l.g for all
g 0eG go 1 e=-g g g
g € G.
Let M[G] = @ M.g. Then M[G] is an augmented G-graded
geG
R[G]-module with:
r Tl , i’
[Aar} [m.,t ] = Rgm P T o T where la £ R‘:II_Jr m, € M_,,
r o o a
P e -1
M[(G], = e M __ o and M[G]_ . =M h —q.
9 TeG go 1 g-h a
1. M[G] € R[G]-mod (see [2]].
2. H[G]g = & M i = is R[G]E-submodule of M[G] because
oceG go
Ry h™! u GeEE s cg”th™! g < M[GJ_. Since
go hgo 9
-1 TR
R ..oM .tcM _. _. tTh "ch g M[G] we have
qgo * ht* go 1he™t gh
R[G g ﬁlGIh = M 'G]gh.
3. Clearly H{G]g_h = M, hhlg is ﬁ[G]E_E-suhmodule of M[G
i s -1 -1 -1_-1_ _
and RIGT__, M[Gl,, = R, o M hi'g <M, hiog =
M[G g-ch" Hence M G]g = hzc H[G]g—h* i.e., M G]q is a
G-graded R[G] _-module.
4. R[G] M[G] = B B g e ¢ tih " lge =
g-h o-T h HT th g

M[G] for all h, g, o, T € G.

go-ht



3. Equivalent functors.

In this section R will be an augmented G-graded ring.

Let M € R -gr and M= o M.g. For m € M, ¢ € G and

geG
Xop, € Roy let x4 rq € Re-hrg and moc € M. Define
[xe_hrg]mn = X, mge. Then one can easily extend this

product to a multiplication of R on M. With these notations

we have the following assertions:

Proposition 3.1. ¥ € R-Agr with ﬁg = M.g and ﬁg—h =M, -9.

Proof: (1) To show M € R-mod we only need to show that if

€ R -0 and mo € M then

e R gz-hz

9,-h;
o) Fn 100 = om0
But [[xe*hqul][xe_nzrgz]]{mﬂl - [xe_hl xe_hzrglgz]{mw}

=~ ¥e-h, ¥e-h, M9192% T [xe-h i ][xe—h qu”]

X r 0, X_. .. F
E—hl gl e hz gz

1 1.9 2
= [ E ][[x ]mu]
[ e-h, g, e-h,"g,
(2) For m € M and xe—hle Re—hl let xe_nlrg € Rg and mh e My

Then [xe_hlrg]{mhj = xe_hlmgh S th, Lol Rqﬂh_s th'

Clearly ﬁg is R_-submodule of Mand M = o ﬁg.

geG
(3) ﬁg = hzg M, .g = th Hg—h where ﬁg-h is RE_E-submodule of
ﬁg and R__, ﬁg~h =Ryp M .9SM ,.9= ﬁq-h b
1 1 1l 1
(4) Rg-h Ew—r = [Ee_hrg][HtE] % Hht go = Hgﬂ—ht for all g, h,
or, T e [z,
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Proposition 3.2. Let M, N € R,-gr and f: M —— N. Then

f: M —— N given by f(mo) = f(n) o is a morphism in R-Agr.

Proof: (1) f € R-mod because ?{mla + myo) = T (my + m,) F]
:Efml + mz} T = f[ml} o + f{mz}a and T xe-h r':.:r nm‘] s

f[xe-h mgu] = f[xe-h m]gw = ¥, p f(m)go = Xeoh rg f(m)o

Xaoh rg f(mo).

[l

(2) f{ﬁ,“t) = f(Hﬂ_ T) = £(M).T € N, .T = ﬁu__t.

Proposition 3.3. (1) (-): R,-9r — R-AgQr such that M — M

and £f —— F is a functor.

(2) () R-Agr — R,-9r such that M — M_ and £ — f{HE

is a functor.
Proof: (1) To show (-) is a functor:
1. If M € R_-gr then ¥ € R-Agr by Proposition 3.1.
2. If £ € R_-gr then f e R-Agr by Proposition 3.2.
3. Let f: M ——> N, g: N —— P and gef: ¥ —— B. Then
g°f(mo) = (gef(m)) o = g (f(m)) o = F(f(m)o) =

§F(mo), i.e., GoF = GoF.

4. Let 1,: M —— M be the identity function in R -gr.
Then clearly 1 : ¥ —— M is the identity function on
M
M in R-agr.
(2) To show ( Je is a functor.

Let f: M —— N and g: N —— P be elements in R-Agr.

Then (gef)| : M, — P, and (gef)| = [g| ] @ [f| ].
M M N M
e (=] - e

The other parts are obvious.
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roposition 3.4. ( )g(~) is equivalent to 1,

Yo
roof: We only need to define a natural transformation

B Jglnl—n in which oyt (H]EI — M is an equivalence

Re-gr
1 Re-gr for every M e Re-gr.
Let M e R, -gr. Define oy: (M)

len clearly o), is a morphism in R -gr. Also, for every

o= M by uH[m.e} = m.

srphism £: M —— N in R -gr the following diagram commutes:

M
(M),

» M
£ £
(¥)
N

(M) = :
N
ilerefore, a is a natural transformation. The equivalence of

f in R -gr is obvious.

roposition 3.5. If supp(R,G) = G then (-)( 4 is eguivalent

' lp-agr-

'oof: Let B: ﬁE — M be given by g,(mg) = r_ m. We show
3l e, — lR—Agr is a natural transformation and g, is

| equivalence in R-Agr.

Let f: M —— N be R-Agr map. Consider the diagram:
B
M

H

o
HI%—————&EI
Z —=

h

'
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Let m € M, and mo e M. Then ﬁH fe(mu} = B“[fe(mjal =
Epfo(m) = r,f(m) = f(r, m) = f By(mo), i.e., the diagram
commutes and hence g is a natural transformation.

Since supp(R,G) = G, .= M, by Remark 2.2 and hence

every x e Htr can be written as r, m for some m e He. Define

¥: M —s EE by 7(r, m) = m.c where m e M_. Then clearly
¥ € R-Agr. HNow, 13H{m¢} = qfﬁr m) = me and BH 7(rg m) =
By(mo) = r,. m. Therefore, By is an eguivalence in R-Agr.
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