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O ABSTRACT 0O

This research focused on studying of a special type of curves given by non-singular
weierstrass equation which called elliptic curves, the study of elliptic curves had answered
many of purely theoretical questions asked by mathematicians , and it has great
importance at the presenttime for its use inencryption,which depends on the algebraic
structure of these curves ,so it has been the focus of attention of many recent studies.

One of the most important theorems is Nagell-lutz theorem which used in the studying of
elliptic curves since it is a practical tool in finding all rational points of finite order on an
elliptic curve over the rationals , the fundamental concepts were employed in the theory of
projective geometry including the theorem of bezout to get the consequences of this study,
this paper have focused on finding the rank of elliptic curves which has at least rational
point of order two .

In addition to obtaining some important results related to these curves.
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AN e dasia Jsla L (el @ Aaleall Uil 5 (bl 1
caaip Joslilh @ Adladdl 23l

, Y N2\ (=M% -1
N*=-M*(modp)=>1=(—|= =<—>=—1
p p p
 dall Al Al Ml 5 bl

caip J kil @ ol 23l

N? 2M* 2
N? = 2M*(mod p) > 1 = <?> = <T> = (—) =-1

dall Al @ Asled) Ul g il
caad g J okl @ Al a3l

_ 4 _N2_2pM4_2p_
N2=2pM (modp)=>1—<7>—< )—(—)——1

q q
Cdall dlmiee @) Aslad) il 5 il
s oblabeal) Ll 5 oY)
N? = —2pM* + 2qe*® N? = —2M* + 2pge*
Gl o da )l Ll s {1, —4pq, 4p, —q)} X (I) @ & () smalic Al OY) s Ll
set G #x () =20 da g #t X (T) ol s —2,2pq, —2p,2q o 30 o2 & dlaing
Lol Al iy il g Jall A4 e LaadIS i Jall 446 cpilabaall (e S (55 o L) 40l gt ¢ papika
Hx (M) =234 #& () =22
o — (DX |1y

23, 2t : 22, 2t ! :
rank(E(2_z¢48)(3t2+16)(Q)) = 101 2
L 1]
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@l (s S deallaY) clyiniall (e Ayl Ll Ay

s aililee A € allay) sl oS4 0 2 dam
Epq:y*=x*+pqx ;p=8k+3,q=8l+3 ;kl€EN

S luje [—k QS dxe p =12 —2t+8,g=3t2 +16 o~y Wl e p,g S

Do
rank(E(t2—2t+8)(3t2+16)(Q)) = 2
DO
t il ol (U g > p ol bsdip =2 — 2t 48, = 3t? + 16 of L V3l
L >k o8 by
3 4 yaall (e Lal V) da il ALeaYU 3 din el Cilidars ge Gl Aaill sda Cililase of Lay
Ho(lh) =2

Ui 9,@,0,0,®,0,@ Vaxd e S ols {1, —4pgq,4p, —q} S () o s A
Ol (e JS W) il ol #&X () =4 0r 8 <llal Jall
N? = —2pM* + 2qe*® P N? = —2M* + 2pqge*
i @ el 4 e =m =1 g bl (K da Al Gl LaadS i da L]

N? = —2(8k+3) +2(8k+ 3) = —16k— 6 + 161 + 6 = 16(1 — k)
L@ Dbl ds (M, e, N) = (1,1,4V1 — k) of 25 Julug
#x () =24 Sy —2p,2q,-2,2pq €X (') JUbs

3

. 23 . 2! .
Tank(E(z_prig)(3e2416)(Q)) = 245 27 =——= 22 Julus

L 1]
pailalae @M By ALY iniall Ll (S 4 408
E,q:y* = x* — 4pqx ; p=3(mod 8),q=3(mod 8)
c ol dvie po=t2 — 2t +8,q = 3t% + 16 sy Pl 5l glae pig Cas

Tank(E(t2_2t+8)(3tz+16)(Q)) =1lor2
DO S e [ =k S

rank(E(;2_zt18)(3c2+16)(€)) = 2

C 3 T Al Y abaadl Laal 1 Al

N? = —4gM* + pe* @ N? = M* — 4pqe* @
N2 = —M* + 4pqe* N? = —4M* + gpe* @
N? = 2M* — 2pge* ® N? = 4M* — pge* ©)
N? = —2M* + 2pqe* N? = —4pM* + qge* @
N? = 2pM* — 2qe* @ N? = 4pM* — ge* ®
N2 = —2pM* + 2qe*® N2 = 4qM* —pe* @

Ol il 5 3 Aia aall (8 52 sl Ja g il e (3t p Q) (e da g o Lans
OB OIS Ly e | — ke e 058 AN A a5 1, —4pq,4p, q € a(T)
1,—4pq,4p,q — 2p,2q,—2,2pq € a(l)
a(T) = 22 or 23 July;
Al T  Adlatiall ca¥alaall Wal < E4-pq: y2 =x3 + 16pqx ‘;\AJ.AS\ by QS{\

N? = M* + 16pqge* @ N? = 4pgM* + 4e* @

N? = 16pM* + ge* ©) N? = pM* + 16qe* @

N? = 2M* + 8pqe* ® N? = 2pM* + 8qe* ®
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N? = 8pM* + 2qe* @ N? = 4pM* + 4qe*
N? = 16M* + pge* @ N? = 8M* + 2pqe*
51 =4=16(mod Q*?) ol LS @ Waball 4l )2l dala 3 1,16pq €X T of Loy
palic Wi Y Y © 5@ gl 4 Al =Y ‘ejtﬂl_g} 16pq = 4pq = pq(mod Q*z)
CQRPCEATCEN
Caai p J okl @ sl 226

sl s @ Alsladl Nl 5 il
w X p J il @ Aol 23l
N? = 16qge*(mod p)
el st @ Wsteal M s = (1) = (205 = () = -1 - s
i p J il @ Asladl 33
Jall e ® Aol (il ] = (N?) - (%) =(3)=-1
g J olalb® aleall 230
e i 1= () = ()= (2) ()=
a1 g J L@ Asladl 336

=(5)-(5)-Q0 -0 -

i p J bil@ Aabeall 240 | Jal) Uniie @) Adlealls il
Jall At @) Ualealld il

N? 4qe*
-
p p p
caai p J bl @ bl 23l

(5)-(2)- (-

Cdall Al @ Aoleal

- r_ 22,21 1 i F 23,28 2wt =
taky 2T = =2t 2"= =2 Jubyx () =2 : ol &
rank(Ey(12_z¢+8)(3t2+16)(Q)) = 1 or 2
O

01 JGa
p=8t?+3,q=7t? + 3 gy iyl e p,g Cus Ciy? = x3 — pax Skl Ll (<)
s il s 8 J il 3 Gl 5 A5l @ sp e IS p = 3203, q = 2803 i t = 20 Jal o
e ol B 5 5y (1 Al

C(Q) =7 Z/2T
[(X,y) =(120812,2416240) 51 sall i) ro
1Al a2 51 o) e Jla

t p q r generator
20 30203 20803 1 (120812,2416240)
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@l (s S deallaY) clyiniall (e Ayl Ll Ay

13 Al e AL
t p q rank
3 11 43 2

I 43 163 lor2

11 107 379 lor2
27 683 2203 lor2
35 1163 3691 lor2
59 3371 10459 lor2

4 Gyl e Al

t p q rank generator

3 11 43 2 (44,-44)

7 43 163 lor2 (172,516)

11 107 379 lor2 (428,2996)

27 683 2203 lor2 (2732,62836)

35 1163 3691 Lor?2 (4652,144212)

59 3371 10459 lor2 (13484,741620)

tGluagilly clalitiuy)

iy g e dlla Al y? = %3 4 Na JSall iy Lallay) il sy dulp <l Gl 1 b
Al Ay Lyl Q Jiall (358 caliniall o3gd Ayl il 5y0) dlay) & Cum ¢ 2 Ay b Ay
L Aeial) il amy e Jpaanlly Jalil) o3¢l 45l

& gl Jiliaall o it Lal) Wi Al iy y2 = &% + N JS&D (e Lalda¥) ciliaial) 4y ¢
o dal (e cliniall e psill 138 Ay oag ¢ ddbinad) Lgldadiudy Lalay) cilisiall Zioall el

- Gliaial e gsill 3 e apenill Auhall 038 (e saluY) 23 N 2aall (g4
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