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  ABSTRACT    

 

The aim of this paper is to use some concepts of functional analysis , especially the 

operator methods in Hilbert space to transform the initial boundary value problem 

concerning the small motions of a hydrodynamical system (system of viscous fluids + ideal 

fluid) to Cauchy problem for the differential operator equation of first order in the Hilbert 

space and to prove that there is a unique strong solution for this equation.       
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ûp   2 2

0

ˆ :
m

i
i

L L


  

 1

   
1

ˆ ˆ, 15
u

p u f
t

 


    


 
0

ˆ : |
i

m

i
f f 




 1     7 , 6 , 3 14

            0, , 0,
ˆ ˆ ˆˆˆ , , : 16S h Su J p t x G G G         

p

     1 1

1 1 1 0 0
; , 17

m m
i

i i ii i
p p p p         

 
        

   0, 0, 0, 0,
0 0

ˆ ˆ ˆ ˆ,
i i

m m

S S
k i

P diag P P diag P 
 

 

   0, 0,
ˆˆ ,SJ G  

     0, 0, , 0, 18
i i

i
i i i S S i

u
p P u P f in i m

t
 


      



   0, 0,
ˆˆ ˆ0 19iP u P f       

1p
ˆˆ( , ) ,u t x f 12

 14

       
1 1 11 1 1 , 1 1 , 1 0, 1,

m m mm m m h S m m h S m mu J G p G G
                 

   

   

1

1

1 1 1 0 1 , 1

1 1 1 , 1 0, 1

, ,

, , .

m

m m

m m m m h S m

m m m h S m m

u w w J G

p p k p G k G





    

     

     

        



4322102Sciences SeriesTishreen University Journal. Bas

34 

 2 14

10, 1 ,, ,
m mm h SP P P
      

10 1 , 1 0,, ,
m mm h S m mJ G G
    

 
1

1
0, 1

1 1 1 ,

1 0,

( , ) ,

, 20

0 .

m

m

m
m

m m m h S

m

w
P f t x

t

p P f
t

k P f

 








  

 







   



  

1, mk w ( , )f t x

 20

   10 1

   

 

1

0, 0,

1 1 1 , 1

1

1
1 1 1 1

1

3 3

, 0, ,

, 0 ,

0 , 0 ,

. . , . , 21

( ) (

i i

m

i
i i i S S i

m m m h S m

i i m

i m
i i i i i m m m

i m

j i j i

u
p P u P f in i m

t

p P f in
t

u on S on S
n

u n u n on u n on
t n t n

u u

 

 

 

 

   




   






      




      




 



  
      

   



   

1 1

1

33 33 1 1

1 1 1 1

1 1 1 1 1

0 0

1 2 1 2

1

) 0, 1,2,

( ) 0 , 0,

,

0, 0, 0 , ( ) 0 ,

(0, ) ( ) , (0, , ) ( , ) ; 0,

(0,

i m m i

i i i i i i i

m m m m

i i m m m m i i i

i i i i

m

j

u u p p on i m

p on

d d p d p p d

u x u x x x x x i m

u

   

 

 

 

 

 

   

    
   



 

       

 

        

  

   

g
g

 
1

0 0

, 1 1 1 2 1 1 2) (0, ) ( ) , (0, , ) ( , )
mh S m m mx x P u x x x x x 
      

 21

 I 4



21 

 

 

   

   

1 2

0, 0,

,3 ,3 1

1 1

33 1 1 33 1

: :

0 , 0 , 22

0, 1,2 , 0, 1

2 2 , 0, 1

i i

i
i S i i i i S

i

i i i i

j i j i

i i i i i i i

u
P u Au P f

t

div u in u on S

u u j i m

u u on i m

    

 

     



  

 
         

 

  

    

       

 1 3

 0, iS iJ  22   0, ii i S iu D A J  

 1 2

0,: . 23
i

i
i i i i S

u
u A P f

t
    

     
 

iA

 II 1,4

     

 

2
2

2 2

1

2

1

0 , 0 , 0,

: , 0, 1 24

:

i
i i i

i i i ii

m m m mm

in on S i m
n

on i m

p on




    

   






    



      

    

g
g

   24 , 22 18

       , , , , , ; 0,i i iu t x p t x t x i m 

 24

 ˆˆ 25Au 

A     1

0, 0,
ˆ ˆ

S SD A J J   

1A    
1
2 1

0,
ˆ

SD A J 

 0,
ˆˆ

SJ  24

     1

0,
ˆˆˆ 26Su A D A J    

 2 4

1
2

i
H  24   2

i i ix H  

  

    

2 2

1

2

1

: , 0, 1

: 27

i i i i ii

m m m m mm

G G i m

G G p

    

   





       

    

g
g

 
1

2

,:
i ii h S iG H G  

,i iA G   ,II I

  1 2, , , 0,i i i iu t x p i m   

    1 1

0, 1 28
i

i
i i i i i i S m m mm

u
u A A P f G p

t
      



 
       

 
g



4322102Sciences SeriesTishreen University Journal. Bas

20 

 III 4

 

1
1 1 1

1
1

1

1
1 1 1

1

0 , 0 ,

0 , 29

: . . , 0 .
m

nm

m m

m

m

m m m m m n

m

in on S
n

on
n

u n u n on d
n



 











   




 




      

 

 IV 1,4

 

1

2
2 1 1

2

2
2 1 1 1 2 1

1

0 , 0 ,

0 , 30

: . , 0 .
m

m m

m

m

m m m m

m

in on S
n

on
n

u n on d
n




 

   





   




 




     

 

 3 4

.  
1

2

1 m mH   III 
1

2

1 m mH    
.  

1
2

12 1m mH
   IV 

1
2

12 1m mH
    

ikC

 
1

1

1 11 1 1 21 1

2 12 2 2 22 2

| : , | : ,

| : , | : . 31

m m

m m

C C

C C

 

 





 

 

     

     

 21 1m

 1 1 1 ( ) 32m m m fp c t
t

    


  



 
10,:

mf SP f




   32 , 311 1 1m m mp     g

 1 21 22 1 1 1 1 1 1( ) ( ) 33m m m m m m f m m mC u C u c t on
t

            


     


g

 II

 V 1,3



22 

 

1 1 1

1 1 1

0 , 0 , 0

: 34

m m m

m

m m m

in on S on
n n

on  

  

  

 
     

 

   g
 4 3

1
2

1m
H

 V    1

1mx H   

   1 1 1 1 1 1 21 22 1 1 1: ( ) 35m m m m m m m m m m m fG G G C u C u
t

               

 
       

 
g

   35 , 28   IV

 21

   

   

 

 

1 11 12 1 1 1

1 0,

1 1 21 1 22 1 1 1 1 1 1 1

1 1 1

( ) ( )

,

( ) , 36

( ) ( ) 0 , 0,

i

i i m i m m i m m i i i i i

m i f i S

m m m m m m m m m m m m f

i i i i i

m m m

d
u G C u G C u A u G

dt

G P f

d
G C u G C u G G

dt

d
u i m

dt

d

dt

      

  

      

   

   

  



         

  

     

 

  

    



g

g

g g

g g

          

       

1

1 1

0 0

1 , 1

0 0

1 2 1 2 1 1 2 1 1 2

0 ,

0, , 0, 0, , 0,

0, , , , 0, , , .

m

m m

i i m h S m

i i m m

u

u x u x u x x P u x i m

x x x x x x x x   



 

 

 



    

 

 36

       1 0 1 0 1

ˆ ˆˆ ˆˆ ˆ; : ,......, , : ,......, 37
t t

m m

d u
C A u V f u u u

d t
         g

 0 0: ,......., ,0m mA diag A A  

1 1 1 11 1 1 11 1 1

2 1 2 11 1 2 11 1 1

1 2 11 1 2 11 1 1

1 1

0 .................

0 0 ...............

0 0 ................

0 0 ................

m m m m m m

m m m m m m

m m m m m m m

m m

I I G C u G C u

I I I G C u G C u

C

I I I G C u G C u

I I G C

    

    

    



   

   

   

 





21 1 1 22 1 1( )m m m m m mu I G C u     

 
 
 
 
 
 
  



4322102Sciences SeriesTishreen University Journal. Bas

24 

0

1

0 0
1 0 0,

1 1

1 1 0,

1

1 1
1 1

( ) 0 ................. 0

0 ( ) ................. 0

ˆ,

0 0 ................. 0

0 0 .................

m f S

m f S

m m f
m m

G
G P f

G
G P f

V f

G
G


 


 

 






 
 

    
    

    
 

 
   
   
 

 

 
 

0 1

2

0 1

2 0 0 1 1

ˆ
ˆ 0 38

: ( ) ,......., ( ) ,

: ( ) ,......., ( ) ,

m mm m

m m m m

d
B V u

d t

B diag I I I

V diag



  

     

   

 

 

  

   

g g

   38 , 37

 
0

1

0
2

ˆˆ ˆ ˆˆ0 (0)
, , 39

ˆ ˆ ˆ0 (0)0 0

u u uC uA Vd f

B dt V



  

         
               

           

g
g g

 0

11

2

( ) , (0) ; 40

0
: , : , , ( )

0 00

dy
y f t y y

dt

uC fA V
y f t

B V





   

      
         
     

g
g g

T A

T A

 ˆˆ: ,
t

y u  
   

10, , 1
ˆ ˆ: ( ) ; 41

mS h S mH J G H
     

 1i⊝ 
1

0, 0, 2

0 0

ˆ ˆ( ) : ( ) , :
i

m m

S S i i
i i

J J H L


 

     

 1

   10 1 40H

 2

 40 0,TH



23 

 41

)     ( ) 0, ; , ( )y t C T H y t D A A . 0,t T 

)   0, ;
dy

C T H
dt

 

)  40 . 0,t T

 39

 1

   
1 1

2 2

0 0 0 00 , 0 0 , 0: , :h S h SG H G G H


    

 
0, 0h Sv w G  

1
2

0
H 0 2G  2

   0 00 , 0
w

on S w in
n


   



 
 

 
 

 
 

 
, 0 , 0 2 00 0

0 2 0, , , 42
h S h SG G L

G v v v   
  

  

1
2

0
H  

0, 0h Sv G 

   
1 1

2 2

, ,1, 1 ; : , :
i i i ii h S i i h S ii m G H G G H



       
*

iiG

 2

C 
10, , 1

ˆ ( )
mS h S mJ G
   

C
11i mG C 12 1i mG C  1 21m mG C 

1 22 1m mG C  1I

 
11 , 1mm h S mu G
  

1
2

12 1 1 1 1:
mm m m mu n H 




        

 1 
1

1

2 1m mH
   

 
1

2

12 2 12 1 1 2 |
mm m mC C u H        

12 2C  12 1 1 , mi i m m h S mG G C u G     

 2
12 1i mG C   , mh S mG 

11i mG C 1 21m mG C 1 22 1m mG C  

C , 0C u u 

 
10, , 1

ˆˆ ( )
mS h S mu J G
    



4322102Sciences SeriesTishreen University Journal. Bas

22 

 

 
1

2

0

1 11 12 1 10

ˆ ˆ,

( ). ( ).

i

i

m

i i i

i

m

m i m m i i i m m i ii

C u u u d

G C u u d G C u u d



  




    

  

    

 

  


1 1

1 21 1 1 1 22 1 1 1 1( ). ( ).
m m

m m m m m m m m m mG C u u d G C u u d 
 

       
 

     

 


1

1 1

2

1 11 12 1 10
0

21 1 1 1 22 1 1 1 1 1

( ). ( ).

( ). ( ).

i i

m m

m
m

i i i m m m i i i m m i i ii
i

m m m m m m m m m m

u d C u u d C u u d

C u u d C u u d

     

   
 

    


       
 

     

   

   

 

1 1

2 1 2
1 1 20

0

2 2
1 1 2 1

1 1

i i i

m m

m
m

i i i m i ii
i i i

m m

m m

u d d d
n n

d d
n n

 

 

   


 
 

 

   
          

   

 
      

  

   

 

1

2

1 1 2 1 2 1

0

( ) ( )
i m

m

i i i m m

i

u d dS
n

 


 
 




      


  

1

2 2

1 1

0 i m

m

i i i m m

i

u d d 


 
 



      

 
2

2 2

2 2 2 2

0

, . 43
i

m

i i i

i

u d u d u 
 



      

C

 3
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