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O ABSTRACT 0O

In this paper, we investigate several structural properties of fuzzy dual ideals within the
framework of BCK-algebras. This result provides a direct algebraic characterization that
links duality with the classical notion of filtering in BCK-structures.
Furthermore, we examine prime anti-dual fuzzy ideals and show that any such fuzzy ideal
satisfies a functional identity of the form

wW((xVIAz)=p@xAz) Vip(yAaz)
which reveals how prime anti-dual behavior interacts with meet and join operations.
Finally, we characterize fuzzy dual ideals through the identity

p(x Ay)=p@x) Au(y) vxy€eX
which offers a functional criterion for determining when a fuzzy set in X behaves as a
fuzzy dual ideal. These results collectively deepen the understanding of fuzzy dual
structures in BCK-algebras and provide new tools for analyzing their order-theoretic
behavior.

Keywords: BCK Algebra, ideal, fuzzy ideal, fuzzy dual ideal, prime fuzzy dual ideal, anti-
fuzzy dual ideal.

Copyright :Latakia University Journal (Formerly Tishreen) -Syria, The
authors retain the copyright under a CC BY-NC-SA 04

“ Associate Professor, Faculty of Science, Idlib University, Idlib, Syria.

journal.latakia-univ.edu.sy Print ISSN: 2079-3057 , Online ISSN:2663-4252
11


https://orcid.org/0009-0009-4571-1272
https://orcid.org/0009-0009-4571-1272

Latakia University Journal. Bas. Sciences Series © 2026 (3) a2l (48) alaall Zulull) aglall 48D dasls dlae

BCK i b ) Wgiyg dgludall 46880 culdlial)

) dana .2

(2026 /5 | 20 b &l & 2026 /5 / 3 g1 k)

a uaiiaD

Lo linag Jeall 138 235 .BCK s 8 4ol 450l LIl 4oy (ailind 530 (apdi an ) 13a b
Gl by asii Gl e sdle BCK b b Cladipall SudIS pseially 45l oggie Jayy il
bl JSall (e 400 dysn By il 138 e Jlie JS O s A5V saliaall Ayl dglual)

W@V Az)=pxAz) Vp(yAz)
bl ¢ Laal) clilee pe A05Y) Babiaall 358l gl Jolis 188 e i) Laa
Gesane S e v lwe a5 s Aie A3 dags DA G dplaal) GLIGD lag o3 sl
Anbus 40 Al X 4 dlus

H(x Ay) = px) Ap(@) Vx,yeX
il eSsbes Jlail saan gl 35355 BCK o 8 dlacall G5l i) agh (hpaxs 8 iliill 030 pgass LS

g Ale iyl Al Al Alie (i sd Aulas Al Ayl Ale (idlie ¢« BCK i rdsalidal) cilall)

Balcae dulua

Coasar ) Gging sl iy ¢byg —(liba () ZADU dasls Alaa
CC BY-NC-SA 04 _aujill

s ey o) daaly caglad) 48 s lue M

journal.latakia-univ.edu.sy Print ISSN: 2079-3057 , Online ISSN:2663-4252
12


https://orcid.org/0009-0009-4571-1272
https://orcid.org/0009-0009-4571-1272

Gl BCK i b %Sl Wiy dplacall dystil) il

Introduction:

The study of BCK-algebra was initiated by Imai and Iséki [1] as a generalization of the
concept of set-theoretic difference and propositional calculi. The concept of fuzzy sets was
introduced by L. A. Zadeh [2], and Rosenfeld [3] was the first to apply fuzzy set theory to
algebraic systems in 1971. Later, O. Xi extended the use of fuzzy sets to BCK-algebras,
opening the way for a broad line of research on fuzzy algebraic structures and their logical
interpretations.

Following these foundational developments, several fuzzy extensions of classical ideals in
BCK-algebras have been introduced and studied, including fuzzy ideals, fuzzy filters, anti-
fuzzy ideals, and dual fuzzy ideals. These fuzzy generalizations have proven to be
powerful tools for analyzing uncertainty, graded membership, and structural behaviors
within algebraic systems. Among them, fuzzy dual ideals represent an important class that
captures duality phenomena under the algebraic operations of BCK-structures.

Despite the increasing attention given to fuzzy concepts in BCK-algebras, the order-
theoretic nature and lattice behavior of fuzzy dual ideals remain less explored. Motivated
by this gap, the present work aims to investigate new characterizations and structural
properties of fuzzy dual ideals, with particular emphasis on their lattice organization and
their interaction with prime anti-dual fuzzy ideals. The results obtained here extend and
unify several strands of research within the theory of fuzzy BCK-algebras.

Preliminaries:
Definition 2.1. [4] Let (X,*,0) be a groupoid with a distinguished element 0 and a binary
operation *. Then (X,*,0) is a BCI-algebra if: forall x,y,z € X,
@D ((x *y) * (x * 2)) * (z *y) =0,
D (x * (x *x ¥)) * y =0,
(III) x *» x =0,
V) x x y=0andy *» x =0implyx =y
In a BCI-algebra X, a partially ordered relation < can be delned by
x <ylfandonlyifx * y = 0
A BCl-algebra is said to be a BCK-algebra if it satisfies:
(IIV) 0 * x =0 forall x € X.
A BCK/BCl-algebra X has the following properties: [5]
(bl) (vx € X) (x » 0 = x).
(b2) (vx,y,z € X) ((x * y) * z = (x * z) * y).
BV, y,z € X)(x S y=2>2x*z2<y*x2z2zxy < Zx*X).
(b4) (Vx,y,z € X) ((x * z) * (y * 2) < x * ).
In particular, if X is a BCK-algebra then the following property hold:
(b3) (Vx,y € X) ((x * y) * x = 0).
Definition 2.2. [6] A BCK-algebra X is said to be bounded if there exists an element
1 € Xsuchthatx < 1forallx € X.
For elements x and y of a bounded BCK-algebra X, we denote [7]
xVy=N(NxANy)where Nx =1=%x
Definition 2.3. [8] A BCK-algebra X is called commutative if
x* (x*y)=y%* (y xx)Forallx,y € X wherex A y=y * (y * x)
Definition 2.4. [9] A BCK algebra X is called implicative if
x *x (y*xx) =xforallx,y € X
Definition 2.5. [10] A BCK-algebra X is positive implicative if it satisfies
the following condition:
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(Vx,y,z € X)((x * 2) * (y * 2) = (x * y) * 2).
Definition 2.6. [4] A nonempty subset I of a BCK/BCI-algebra X is said to be an ideal
if it satisfies:
(I11)0 €l,and (I2)forallx,y €X; x * y €landy €l implyx €1.
Any ideal I has the property: (I3) x € I and y < x imply y €l
Definition 2.7. [11] An ideal of commutative BCK-algebras X is said to be prime if
x ANy € ['impliesx € [ory € I.
Definition 2.8. [12] A nonempty subset D in a BCK-algebra X is said to be a dual ideal of
X if it satisfies:
(D1)1€D
(D2) N(Nx * Ny) € Dandy € D imply x € D.
Definition 2.9. [13] Let X be a set. A fuzzy set u in X is a function
u: X - [0,1].
And the complement of u, denoted by u€ is the fuzzy subset of X given by
ué(x) =1 —u(x) forallx € X
Definition 2.10. [13] A fuzzy set u in a BCI-algebra X is said to be a fuzzy ideal of X if it
satisfies:
(F1) u(0) = pu(x),
(F2) u(x) =z min{u(x * y),u(y)} forallx,y € X.
If p is fuzzy ideal in X then, for x,y,z € X, such that (x * y) * z = 0, then
u(x) = minfu(y), u(2)}

Definition 2.11. [14] A fuzzy subset u of a BCK-algebra X is called an anti-fuzzy ideal of
X if
(O u(0) < u),
() u(x) = max{u(x * y),u(y)}
Forall x,y € X.
Definition 2.12. [12] Let X be a BCK-algebra. A fuzzy subset p of X is said to be a fuzzy
dual ideal of X if it satisfies:
(D) p(1)= p(x)forall x in X;
(ii) u(x) = min{u(N(Nx * Ny),u(y)} For all x,y in X.
Definition 2.13. [15] A non-constant fuzzy ideal u of a commutative BCK-algebra X is
said to be prime if

pxAy)<px)Vvuly) forallx,yof X
Definition 2.14. [6] Let u be a non-constant fuzzy dual ideal of X. then u is said to be
prime if

p(xVvy)<px)Vvuly) forallx,yof X
Definition 2.15. [6] Let u be a fuzzy subset of X. then u is said to be an anti-fuzzy dual
ideal of X if
Our)<spx),vxeX
(@) p(x) <max{p (N(Nx *Ny)),u (¥)} Vx,y €X
Definition 2.16. [6] Let u be an anti-fuzzy dual ideal of X. Then u is said to be prime if

p(xVvy)=px)Auly) forallx,yof X
3. Results
Theorem 3.1. Let X be implicative and finite BCK algebra, and let p be prime anti dual
ideal then

wW((xVy)Az)=p(xAz) Vu(yAz)
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proof. We have(x Vy) Az = (xAz)V (y Az), because
((xVy)/\z)*((x/\z)V(y/\z))z(N(Ny*x)/\z)*((x*NZ)V(y*NZ)
= (N (Ny x)*Nz)*N(N(x*Nz)*(y*Nz))
= (z* (Ny*x) * N(N(x * Nz) * (y * Nz))
=(N(x*NZ)*(y*NZ))*N(Z*(Ny*x))
=(N(x*NZ))*N(z*(Ny*x))*(y*Nz)
= ((z* (Ny + ) * (x * N2) ) + ( * N2)
= ((N(Ny *x) = Nz) * (x * Nz)) * (y * Nz)
= ((N(Ny * x) * x) * Nz) * (y * N2)
= ((N(Ny * x) * Nz) * x) * (y * Nz)
:((z*(Ny*x))*x)*(y*Nz)
= ((z*x) * (Ny *x)) * (y * Nz)
= ((z*Ny) *x) * (y * Nz)
= ((z*Ny) = (y * N2)) * x
=((z*Ny)*(z=xNy)) =x
=0*xx=0
So(xVy)Az <(xAz2)V(yAz)
Andwehave, x Az <x&yAz <yso(xAz)V(yAz) <xVy
AlsoxNz<z&yANz <zso(xAz)V(yAz)<z
Then xAZ2)V(yAzZ) S (xVy)Az
So(xVy)Az=xAz)V(yAz),and p((xVy) Az)=p((xA2)V (yAZz))
=ux A2V p(yAz)
Theorem 3.2. Let X be finite BCK algebra, then the family of fuzzy dual ideals represent
lattice.
Proof. let A represent the family of fuzzy dual ideals in X. And

Vg €A;(fV ) =flx)Vg(x)
(FAg)x) =flx)A g(x)
so to complete the proof we have to prove that, f Vg €A & fAg€EA

FVo@=fD)V gz fVgk) = (fVg)x)
FV @) =fx) V g&x) = f (N(Nx = Ny) A f())V(g(N(Nx = Ny) A g()
= (f (NWx = Ny)) V g(NWVx « Ny)) ) A (FOIV (7))
= (fVg(NWx=Ny)) A(fV 9) )
That means f V g is fuzzy dual idealin X,so f V g € A
Also (fA g)W)=f(DAg) = fx)Aglx) =(fAg)D)
(fAg)x) =f)AgQ) = f (NWx «Ny) Af(¥)) A(g(N(Nx « Ny) A g(y))
= (f (NVx+ Ny)) A g(NNx + NY))) A (F() A
9g»)
=(f A O(NINx = Ny)) A(fA 9 B)
SofAg €A
Theorem 3.3. Let X be implicative and finite BCK algebra, and let p is fuzzy set in X so
n is fuzzy dual ideal iff

p(xAy)=px) Ap@) vVxyex
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proof. suppose that p is fuzzy dual ideal in X. we have p(x) = p( N(y *x)) A p(y)
We replace x with x Ay so get, u(x Ay) = p ( N(y=(x Ay ))) A n(y)

= p (N(y*(y*(y*x)))/\ u(y)
= RN *x) A u)
But N(y xx) Zx = p(N(y *x)) = p(x) = p(Ny *x)) A p(y) = u(x) A p(y)
Su(xAy) = px) A p®)
Wehavex Ay <x&x Ay <y = u(xAy)< u() & p(x Ay) < uly)
= puxAy) < p) Ap@®)
So,u(x Ay) = ux) A p).
Let p(x Ay) = u(x) A u(y) replace x with N(y * x) so get,
(N *x)) Ay)= p(Ny=*x)A uy)
But N(y*x) Ay = y*(y*N(y*x))
= yx* ((y*x)* y)
= yx* ((y*Ny)*x)
= yx (¥y*xx) =x Ay
So,u(x Ay)= u(Ny*x))A py)
Butp(x Ay) = px) A p() < px)so, p(x) = n (N *x)) A py)
and the first condition from fuzzy dual ideal satisfied.
Alsowehavex < land p(x Ay) = p(x) A p(y)
we replace y with 1 we find p(x Al) =p(x) A p(l)

> px) = px A @) = p() = px)
So, we conclude that p is fuzzy dual ideals in X.
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