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O ABSTRACT 0O

In this study, we review the stages in the development of understanding magnetic
phenomena in materials. We show how materials are classified according to the sign of
their magnetic susceptibility into ferromagnetic, paramagnetic, and diamagnetic
substances. We then calculate the magnetization in the classical case based on its definition
as the sum of the magnetic moments of the system’s constituents, following Langevin’s
theory of magnetization.

In the second part, we introduce the quantum contributions of both the orbital and intrinsic
(spin) angular momenta, and we compute the expectation value of the resulting moments in
a material placed in an external magnetic field. Our calculations lead to a formula
involving the well-known Brillouin function, which forms the foundation for studying
magnetism in both classical and quantum regimes; however, in our formulation, it
incorporates the total magnetic angular momentum resulting from both orbital and spin motion.

In the final part, we present code implementations for each case and plot the resulting
functions after adding a term from the Taylor expansion of the magnetization function. The
obtained curves indicate that a correction to the classical results is required, related to the
spin—orbit coupling term. A clear agreement appears between the examined curves within
the ranges that take into account only the first and second terms.

Keywords: Quantum Theory of Magnetism, Magnetic Susceptibility, Spin Orbit
Coupling, Magnetic Momentum, Langevin and Brillouin functions.
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import numpy as np
import matplotlib.pyplot as plt
# Define the Langevin function
def L(x):

# handle x=0 case to avoid division by zero
Lx = np.cosh(x) /np.sinh(x) - 1/x
Lx[np.isnan(Lx)] =0 # setL(0) =0
return Lx
# Generate x values

x = np.linspace(-5, 5, 500) pltlegend()
x =x[x!= 0] # avoid division by zero for plotting plt.grid(True)
y=Lx) plt.show()

# Plot
plt.figure(figsize=(8,5))
plt.plot(x, y, label=r"$L(x) = \coth(x) - \frac{1}{x}$",

color="navy")
plt.axhline(0, color="black’, linewidth=0.8)
plt.axvline(0, color="black’, linewidth=0.8)

plttitle("Langevin Function")
pltxlabel ("x")
plt.ylabel("L(x)")
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# Define the Langevin function
def Langevin(x):
# handle x=0 case to avoid division by zero
Lx =x/3 - x**3 /45
return Lx

# Generate x values
x = np.linspace(-7, 7, 500)
y = Langevin(x)

# Plot
plt.figure(figsize=(8,5))
plt.plot(x, y, label=r"$L(x) \approx \frac{x}{3} -
\frac{x"3}{45}$", color="red")
plt.axhline(0, color="black’, linewidth=0.8)
plt.axvline(0, color="black’, linewidth=0.8)
plttitle("Langevin Function")
pltxlabel("x")
pltylabel("L(x)")
pltlegend()
plt.grid(True)
plt.show()
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import numpy as np # Plot
import matplotlib.pyplot as plt pltfigure(figsize=(8,5))
plt.plot(x, y_exact, label=r"Exact: $L(x) = \coth(x) -
# Define functions \frac{1}{x}$", color="navy")
def L_exact(x): plt.plot(x, y_taylor, '--', label=r"Approximation: $L(x)
return 1 / np.tanh(x) -1 /x \approx \frac{x}{3} - \frac{x"3}{45}$",

color="orange")
def L_taylor(x):

return x/3 - x**3/45 plt.axhline(0, color="black’, linewidth=0.8)

plt.axvline(0, color="black’, linewidth=0.8)

# x values - . . . .
] It.title("Langevin Function and its Series
x = np.linspace(-5, 5, 400) p ( :\gppr oximation™)
x=x[x!=0]

Itxlabel("x"
y_exact = L,_exact(x) p]rt),ylabel("(L(x))")
y_taylor = L_taylor(x) pltlegend()
plt.grid(True)

plt.show()
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Langevin Function and its Series Approximation

1.0 1
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X 00 .
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—— Exact: L(x) =coth(x) — }
-1.01 Approximation: L(x) =% — X

|
T T
—4 -2 0 2 4
X
(7) Jsa
# Define functions # Plot
def L_exact(x): plt.figure(figsize=(8,5))
return 1 / np.tanh(x) -1 /x plt.plot(x, y_exact, label=r"Exact: $L(x) = \coth(x) -
\frac{1}{x}$", color="navy")
def L_taylor(x): plt.plot(x, y_taylor, '--', label=r"Approximation: $L(x)
return x/3 - x**3/45 + (2 * x**5) / 945 \approx \frac{x}{3} - \frac{x"3}{45} +
# x values \frac{2x"5}{945}$", color="orange")
x = np.linspace(-3, 3, 300) plt.axhline(0, color="black’, linewidth=0.8)
x=x[x!=0] plt.axvline(0, color="black’, linewidth=0.8)
y_exact = L_exact(x) plttitle("Langevin Function and Higher-Order Series
y_taylor = L_taylor(x) Approximation")
plt.xlabel("x")
pltylabel("L(x)")
pltlegend()
plt.grid(True)
plt.show()

Langewvin Function and Higher-Order Series Approximation
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# Define functions
def L_exact(x):
return 1 /np.tanh(x) -1 /x

def L_taylor(x):
return x/3 - x**3/45 + (2 * x**5) / 945

# x values
x = np.linspace(-5, 5, 400)
x =x[x!=0] # avoid division by zero
y_exact = L_exact(x)
y_taylor = L_taylor(x)

# Plot
pltfigure(figsize=(8, 5))
plt.plot(x, y_exact, label=r"Exact: $L(x) = \coth(x) -
\frac{1}{x}$", color="navy")
plt.plot(x, y_taylor, '--', label=r"Approximation: $L(x)
\approx \frac{x}{3} - \frac{x*3}{45} + \frac{2x*5}{945}$",
color="orange")

plt.axhline(0, color="black’, linewidth=0.8)
plt.axvline(0, color="black’, linewidth=0.8)
plttitle("Langevin Function and Its Series Approximation™)
pltxlabel("x")
plt.ylabel("L(x)")
pltlegend()
plt.grid(True)
plt.show()
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