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O ABSTRACT 0O

In this paper, we introduce and study the notion of fuzzy strong ideals in BCI-algebras.
This notion is motivated by the classical concept of strong ideals and by the level subset
method used in the theory of fuzzy ideals. The aim of the paper is to provide a natural
fuzzy extension of strong ideals, in which the classical strong property is reflected
through the upper level subsets associated with a fuzzy subset.

We prove that a fuzzy subset is a fuzzy strong ideal if and only if all of its non-empty
upper level subsets are strong ideals of the underlying algebra. We also show that the
subset of elements having the same membership value as the zero element forms a
strong ideal. In addition, we prove that this notion is essentially non-trivial in BCI-
algebras, since every fuzzy strong ideal in a BCK -algebra is constant.

Furthermore, we investigate the relationship between strong ideals and characteristic
functions, and we provide a characterization of two-valued fuzzy strong ideals.
Homomorphic preimages of fuzzy strong ideals are also studied, and it is shown that the
family of fuzzy strong ideals has a meet-semilattice structure with respect to the
pointwise meet operation. Several examples are included to illustrate the main results
and to distinguish fuzzy strong ideals from ordinary fuzzy ideals.

Keywords: BCI-algebra, BCK-algebra, ideal, strong ideal, fuzzy ideal, fuzzy strong
ideal, level subset, A-lattice.
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1. Introduction:
BCK-algebras were introduced by Imai and Iséki, and the related BCI framework was
subsequently developed by Iséki [1,2]. Several classes of ideals have since been studied
in BCK/BCl-algebras; in particular, strong ideals and their basic properties were
investigated in [7,8].
Following Zadeh's introduction of fuzzy sets [3] and Rosenfeld's fuzzy algebraic
approach [4], ideal theory in BCK/BCl-algebras was extended to the fuzzy setting [5,6].
The level-subset method is central to these extensions because it connects membership
inequalities with the corresponding classical ideal properties [5,6].
Recent studies have developed interval-valued m-polar fuzzy ideals [9], tripolar picture
fuzzy ideals [10], bipolar intuitionistic fuzzy soft ideals [11], and complex fuzzy ideals
[12] in BCK/BCl-algebras. These works demonstrate the continuing development of
fuzzy ideal theory. The present paper addresses a complementary question: the direct
level-subset extension of the classical strong-ideal condition.
Let I be a strong ideal of a BCl-algebra X. Its defining condition can be written as
Ifxe€landx*a€l,thena€l, forallx,a € X.

For a fuzzy subset £:X—[0,1], put U(ft)={xeX:f(X)>t}. Requiring every non-empty
upper level subset U(f,t) to be a strong ideal yields

Iff(x) >tand f(x xa) > t, thenf(a) > t.
Equivalently,

f(a) = min{f(x), f(x * a)}, for all x,a € X.
This inequality motivates the fuzzy strong condition introduced below.
The principal results establish the upper level characterization, prove that U(f,f(0)) is a
strong ideal, show that fuzzy strong ideals on BCK-algebras are necessarily constant,
characterize strong ideals by two-valued characteristic fuzzy subsets, prove stability
under homomorphic preimages, and establish closure under pointwise meet.
2. Preliminaries
Definition 2.1. [1,2] Let X be a non-empty set with a binary operation * and a
distinguished element 0. The structure (X,*,0) is called a BCl-algebra if the following
conditions hold for all x,y,z € X:

(D ((xxy)*(x*x2))*x(zxy) =0,

an (xx@x=y)*y =0,
(I x+x=0,

(IV)Ifx*y=0andy*x=0,thenx =y.

A BCl-algebra X is called a BCK-algebra if it also satisfies
(V) 0xx=0, Vxe€eX.
Definition 2.2. [2] Let X be a BCl-algebra. We define a relation < on X by
x<yooxxy=0.
Definition 2.3. [5,6] A non-empty subset I of a BCl-algebra X is called an ideal of X if:
(I) O€l,
(I2)Ifx*xyelandy€l thenx €], forallxy € X.
Definition 2.4. [7,8] Let X be a BCl-algebra and let | be an ideal of X. Then | is called a
strong ideal of X if
(SIfxelanda¢l thenx*a ¢l forall x,a € X.
Equivalently,
Ifxelandx*xa€l,thena€]l, forall x,a € X.

Definition 2.5. [3] Let X be a non-empty set. A fuzzy subset of X is a function
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f:X - [0,1].
Definition 2.6. [5,6] Let X be a BCl-algebra. A fuzzy subset f: X — [0,1] is called a
fuzzy ideal of X if:
(F) f(0)=f(x), VxeX,

(F) f(x) Zmin{f(x*y),f(3)}, Vxy€EX.

Definition 2.7. [5,6] Let f: X — [0,1] be a fuzzy subset. For each t € [0,1], define
U(f,t) ={x eX:f(x) =t}
3. Fuzzy Strong ldeals
Motivation 3.1. Definition 3.2 is constructed by combining the classical strong-ideal
condition in Definition 2.4 [7,8] with the upper level-subset method used for fuzzy
ideals [5,6]. The classical condition is
Ifx€elandx *xa€l,thena€]l, forall x,a € X.
For a fuzzy subset f and a threshold t, the statements x € U(f,t) and x * a € U(f,t) mean
f(x) > t and f(x = a) > t, respectively. Therefore, requiring every non-empty U(ft) to
satisfy the classical strong-ideal condition gives
Iff(x) >tand f(x *a) > t, then f(a) > t.
If this implication holds for every t, take t=min{f(x),f(x * a)}. Conversely, the
inequality below immediately implies the preceding threshold condition for every t.
Thus the two formulations are equivalent:
f(a) = min{f(x), f(x * a)}, for all x,a € X.
Consequently, (FS3) is obtained systematically from the classical strong-ideal property
through upper level subsets; together with the usual fuzzy-ideal conditions (FS1) and
(FS2), this yields Definition 3.2.
Definition 3.2. Let X be a BCl-algebra. A fuzzy subset f: X — [0,1] is called a fuzzy
strong ideal of X if:
(FS;) f(0)=f(x), Vxek,

(FSy) f(x)=zmin{f(x*y),f(y)}, Vx,y€X,

(FS;) f(a) 2 min{f(x),f(x*a)}, Vx,a€X.
The condition (FS;) is called the fuzzy strong condition.
Remark 3.3. Conditions (FS1) and (FS2) say exactly that f is a fuzzy ideal, while (FS3)
is the additional strongness condition derived above from the classical strong-ideal
property.
It follows directly from Definition 3.2 that every fuzzy strong ideal of a BCl-algebra X
is a fuzzy ideal of X.
Theorem 3.4. Let X be a BCl-algebra and let f be a fuzzy strong ideal of X. Then

f(x)=f(0)and f(x*a) = f(0) = f(a) = f(0), Vxac€X.
Proof. Since f is fuzzy strong,
f(a) = min{f (x), f(x * a)}.
If f(x) = f(0) and f(x * a) = f(0), then
f(a) = min{f(0), £(0)} = f(0).
By (FS1), (0) = f(a). Hence f(a) = f(0). =
Theorem 3.5. Let X be a BCK-algebra. Then every fuzzy strong ideal of X is constant.
Proof. Let f be a fuzzy strong ideal of X. Since X is a BCK-algebra, 0 * a = 0 for all
a € X. Using (FS;) with x = 0, we get
f (@) = min{f(0), £ (0 * @)} = min{f(0), f(0)} = f(0).

By (FS;), f(0) = f(a). Hence f(a) = f(0) forall a € X. Therefore f is constant. e
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Remark 3.6. The previous theorem shows that fuzzy strong ideals are non-trivial
mainly in proper BCl-algebras. In BCK-algebras, the strong condition forces constant
fuzzy subsets.
4. Level Characterization
Theorem 4.1. Let X be a BCl-algebra and let f: X — [0,1] be a fuzzy subset. Then f is
a fuzzy strong ideal of X if and only if every non-empty upper level subset U(f,t) isa
strong ideal of X.
Proof. Suppose first that f is a fuzzy strong ideal. Since f is a fuzzy ideal, every non-
empty upper level subset U(f, t) is an ideal of X.
Let x € U(f,t) and suppose x *a € U(f,t). Then f(x) =t and f(x*a) =t. By
(FS3),

f(a) = min{f(x),f(x *a)} = t.
Thus a € U(f,t). Hence U(f,t) is a strong ideal.
Conversely, suppose every non-empty upper level subset U(f,t) is a strong ideal. Since
every strong ideal is an ideal, every non-empty upper level subset is an ideal. Hence f is
a fuzzy ideal.
Now let x,a € X and put

t = min{f(x), f(x xa)}.

Then x € U(f,t) and x xa € U(f,t). Since U(f,t) is a strong ideal, we get a €
U(f,t). Thus

f(a) =t = min{f(x), f(x * a)}.
Therefore f satisfies (FS;). Hence f is a fuzzy strong ideal. =
Corollary 4.2. Let X be a BCl-algebra and let f be a fuzzy strong ideal of X. Then

A ={x €X:f(x) = f(0)}
is a strong ideal of X.
Proof. By (FS;), f(0) is the greatest value of f. Hence A, = U(f,f(O)). By Theorem
4.1, U(f, £(0)) is a strong ideal. Therefore A, is a strong ideal. ©
Corollary 4.3. Let X be a BCl-algebra, let £:X—[0,1] be a finite-valued fuzzy subset,
and suppose
fX) ={ty,ty o, tn}, >t > >t,.

Then fis a fuzzy strong ideal of X if and only if each upper level subset U(f,t;), 1<i<n, is
a strong ideal of X.
Proof. Suppose first that f is a fuzzy strong ideal of X. By Theorem 4.1, every non-
empty upper level subset of f is a strong ideal; in particular, each U(ft;)), 1<i<n, is a
strong ideal of X.
Conversely, assume that every U(ft;), 1<i<n, is a strong ideal of X. Let t€[0,1] and
suppose U(f,t) is non-empty. If t<t[!, then U(ft)=X=U(ft'1). Otherwise, since
t;>t,>--->tl1, there is an index ie{1,...,n—1} such that t>t>t,,,. Because f takes no
values strictly between t; and t;, 1, we have U(f,t)=U(ft;).
Thus every non-empty upper level subset U(ft) is one of the strong ideals U(ft).
Theorem 4.1 now implies that f is a fuzzy strong ideal of X. =
5. Characteristic Functions
Definition 5.1. [3,5] Let I be a non-empty subset of X. Define the characteristic fuzzy

subset f; of I by
1, xe€l,

f’(x)z{o, x &I
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Theorem 5.2. Let X be a BCl-algebra and let I be a non-empty subset of X. Then I is a
strong ideal of X if and only if f; is a fuzzy strong ideal of X.
Proof. Suppose first that I is a strong ideal. The non-empty upper level subsets of f; are
I and X. Since I and X are strong ideals, Theorem 4.1 implies that f; is a fuzzy strong
ideal.
Conversely, suppose f; is a fuzzy strong ideal. Since I = U(f;, 1), Theorem 4.1 implies
that I is a strong ideal. =
Theorem 5.3. Let X be a BCl-algebra and let I be a strong ideal of X. Let a, 8 € [0,1]
with @ > B. Define f: X — [0,1] by

a, x€EI],

f(x) ={ﬁ' el
Then f isa fuzzy strong ideal of X.

Proof. The non-empty upper level subsets of f are I and X. Since I and X are strong
ideals, Theorem 4.1 implies that f is a fuzzy strong ideal. =
6. Homomorphic Preimages
Definition 6.1. [2] Let X and Y be BCl-algebras. A map h:X — Y is called a BCI-
homomorphism if
h(x *y) = h(x) x h(y), Vx,y € X,
and h(0) = 0.
Theorem 6.2. Let h: X — Y be a BCl-homomorphism and let f be a fuzzy strong ideal
of Y. Define g: X — [0,1] by
g(x)=f(h(x)), for all x € X.
Then g is a fuzzy strong ideal of X.
Proof. First, g(0) = f(h(0)) = £(0). Since f is a fuzzy ideal, £(0) > f(h(x)) for all
x € X. Hence g(0) = g(x).
Forx,y € X,
9(x) = f(h()) 2 min{f (h(x) * h(»)), f(h())} = min{f (h(x  y)), f (A ()}
= min{g(x = y), g(»)}.

Thus g isa fuzzy ideal.
Now let x,a € X. Since f is fuzzy strong,

f(h(@) = min{f (h(x)), f (h(x) * h(a))}.
Since h(x) * h(a) = h(x * a), we get

g(a) = min{g(x),g(x * a)}, forall x,a € X.

Thus g is a fuzzy strong ideal of X. =
7. Meet-Semilattice Property
Let FSI(X) denote the family of all fuzzy strong ideals of X. For f,g € FSI(X), define
fAgby

(f Ag)(x) = min{f(x),g(x)}, Vx€X.
Theorem 7.1. If f and g are fuzzy strong ideals of X, then f A g is a fuzzy strong ideal
of X.
Proof. Put p = f A g. We verify (FS1)-(FS3) directly.

p(0)=min{f(0),g(0)} = min{f(x),g(x)}=p(x), forall x € X.
For x, y € X, the fuzzy-ideal inequalities for f and g give
p(x)=min{f(x),g(x)} = min{f(x * y),f(y).g(x * y).g(¥)}
= min{p(x * y),p(y)}.
Thus (FS2) holds. Now let x, a € X. Because fand g satisfy (FS3),
f(a) = min{f(x),f(x *a)} and g(a) = min{g(x),g(x * a)}.
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Taking the minimum of the two inequalities gives

p(a)=min{f(a),g(a)} = min{f(x),f(x * a),g(x),g(x * a)} = min{p(x),p(x * a)}.
Therefore p satisfies (FS1), (FS2), and (FS3) for all relevant elements, so p is a fuzzy
strong ideal.
Corollary 7.2. The family FSI(X), ordered pointwise by f < g if and only if f(x) < g(x)
for every x € X, is a meet-semilattice.

8. Examples
Example 8.1. Let X = {0, a, b} and define * by the following table:
* | 0 a b
0 0 b a
ala 0 b
b| b a O

This is a BCl-algebra, but it is not a BCK-algebra because 0 xa = b # 0.
Let I = {0}. Then I is a strong ideal. Indeed, if x € [ and x * y € I, then x = 0. From
the table, 0 * y = 0 only when y = 0. Hence y € I.
Define f: X — [0,1] by

f(0)=08 f(a)=03, f(b)=03.
The non-empty upper level subsets of f are {0} and X. Both are strong ideals. Hence f
is a fuzzy strong ideal.
Example 8.2. Let X={0,a,b,1} be the four-element Boolean BCK-algebra. With a and b
as complementary atoms, x * y = X A Y'; equivalently, the operation is given by the
following Cayley table:

* 0 a b 1
0 0 0 0 0
a a 0 a 0
b b b 0 0
1 1 b a 0

f(0)=109, f(a)=09, f(b)=04 f(1)=04.

The upper level subsets are {0,a} and X, which are ideals. Thus f is a fuzzy ideal.
However, f is not constant. Since X is a BCK-algebra, Theorem 3.5 shows that f is not
a fuzzy strong ideal.
This example shows that a fuzzy ideal need not be a fuzzy strong ideal.
Example 8.3. Let X = {0, a, b} and let

f(0)=08 f(a)=03, f(b)=03,

g(0) =09, g(a)=04, g(b)=04.
Both f and g are fuzzy strong ideals. Theirmeetp = f A g is

p(0) = 0.8, p(a) =0.3, p(b)=0.3.
Thus p = f, and hence p is a fuzzy strong ideal.
9. Conclusion
In this paper, we introduced fuzzy strong ideals in BCl-algebras. The definition was
obtained by applying the level subset method to the classical strong ideal condition.
The principal results are the upper level characterization; the fact that U(f,f(0)) is a
strong ideal; the constancy of fuzzy strong ideals on BCK-algebras; the characterization
of strong ideals by two-valued characteristic fuzzy subsets; preservation under
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homomorphic preimages; and closure of the family of fuzzy strong ideals under
pointwise meet.

Future work may study anti-fuzzy strong ideals, fuzzy strong P-ideals, fuzzy strong H-
ideals and fuzzy strong filters.
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